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| Chapter8:Continuous random variables I 

| PREREQUIS1TE KNOWLEDGE 
I 

Where it comes from 

Calculate E(X) and Var(X). I 1 

our skills 

2 I 3 I 4 
AS & A Level Mathematics 
Probability & Statistics 1, 
Chapter 4 0.2 I 0.4 I 0.3 I 0.1 

AS & A Level Mathematics Pure 
Mathematics 1, Chapter 9 

Integrate and evaluate simple 
functions in a given interval. 

What are continuous random variables? 

Find E(X) and Var(X) 

5 
2 Evaluate J:x2dx. 

3 

A continuous random variable is a random variable that can take all values in an interval. 
It can be used to model quantities we measure, such as time or length. 

A random variable could be a set of possible values from a random experiment. If the data 
can take any value within a given range then we say it is a continuous random variable. 
Suppose we measure the times people spend waiting for a bus at a bus stop. We know that 
a bus arrives every 13 minutes, but we do not know when the last bus arrived. Here, the 
waiting time is continuous and so we can model this situation with a continuous random 
variable. We can calculate mean waiting times, for example, the probability we will need to 
wait more than eight minutes. 

In this chapter we shall study continuous random variables as well as their expectation and 
vanance. 

We shall use the probability density function (PDF) and cumulative distribution function 
(CDF) to calculate percentiles and probabilities. There are similarities with the work 
you did on discrete random variables and the normal distribution in AS & A Level 
Mathematics Probab山ty & Statistics I, Chapter 4 and Chapter 8. This work will help you 
to understand how the normal distribution is created. 

We shall link related variables to find the PDF and CDF of functions of a variable. 

8.1 The probability density function 

A probability density function describes the probability of a continuous random variable 
in a similar way that a probab山ty distribution table describes the probab山ty of a discrete 
random variable. 

The probab山ty that a continuous random variable is equal to a particular value is always 
zero. This means we cannot use a table to describe the probability, so we use a function 
instead. 

We need to know the conditions for a function on a given interval to represent a 
probability density function. Probability cannot be negative, and so a probability density 
function can never be negative, as shown in Key point 8.1.

The function that defines the probability density function is always positive. 
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i@·l·1#U@iiiiliJMiMiiiiiihhifi 
@ 1 A particle is projected from a point O on horizontal ground. The velocity of projection has magnitude 20m s- 1 

and direction upwards at an angle 0 to the horizontal. The particle passes through the point, which is 7 m above 
the ground and 16m horizontally from 0, and hits the ground at the point A.

Using the equation of the particle's trajectory and the identity sec2 0 = 1 + tan2 0, show that the possible 

values of tan 0 are land .!2_ 
4 4 

ii Find the distance OA for each of the two possible values of tan 0.

iii Sketch in the same diagram the two possible trajectories. 

Cambridge International AS & A Level Mathematics 9709 Paper 51 Q5 June 2010 

@ 2 A particle Pis projected from a point O with initial speed !0m s- 1 at an 
angle of 45° above the horizontal. P subsequently passes through the 
point A, which is at an angle of elevation of 30° from O (see diagram). 
At time ts after projection the horizontal and \'ertically upward 
displacements of P from Oare xm and ym, respectively. 

Write down expressions for x and yin terms oft, and hence 
obtain the equation of the trajectory of P.

ii Calculate the value of x when Pis at A.

iii Find the angle the trajectory makes with the horizontal when Pis at A.

Cambridge International AS & A Level Mathematics 9709 Paper 51 Q7 November 2010 

@ 3 A particle Pis projected with speed 35 m s-1 from a point Oon a horizontal plane. In the subsequent motion,
the horizontal and vertically upwards displacements of P from O are x m and y m, respectively. The equation of 

(1 + k2)x2 

the trajectory is y = kx - ----, where k is a constant. P passes through the points A(l4,a) and B(42,2a),
245 

where a is a constant. 

Calculate the two possible values of k and, hence, show that the larger of the two possible angles of 
projection is 63.435°, correct to 3 decimal places. 

For the larger angle of projection, calculate 

ii The time after projection when P passes through A, 

iii The speed and direction of motion of P when it passes through B.

Cambridge International AS & A Level Mathematics 9709 Paper 51 Q7 November 2016 











































































































































Chapter 16: Hooke's law 

16.3 The work-energy principle 

We can also model the motion of a system that is no longer in equilibrium. For example, if 
a particle hanging on an elastic string is pulled down further and released, what happens 
next? We assume motion will happen. So in this section we look at acceleration and forces 
at certain points in the motion. We use kinetic energy (KE), potential energy (PE), work 
lost due to resistance, and elastic potential energy (EPE) to analyse the motion of objects. 

Consider a particle of mass 2 kg that is attached to a light, elastic string, of natural length 
1.5 m and modulus of elasticity 4g N. The string is attached to a ceiling at its other end. 

The particle is allowed to rest in equilibrium before being pulled down a further 0.5 m and 
then released. 

T 

Suppose we want to work out the speed of the particle after it has travelled 0.4m upwards. 2gN 

We need to determine PE, KE and EPE at the start and finish. To do this, we must find the 

initial extension e of the string. We use Hooke's law to get 2g = 
4g x e, and so e = 0.75m.

1.5 
Assign a zero potential point, then measure all potential energy relative to this point. 

4g X (0.75 + 0.5)2 25 Initially, KE == 0, PE= 0, EPE = ------= -g J, and then finally 
2 X 1.5 12 

} 4g X (1.25 - 0.4)2 289 KE= -x 2v2, PE= 2g x 0.4 and EPE = ------ = -g J. By the conservation of 
2 2 X J.5 300 

25 289 8 2v2g . . energy, -g=v2 +0.8g+-g,hence v2 ==-g and so v=--m s- 1.Th1s1s about 
12 300 25 ' 5 

l .79ms- 1
. 

WORKED EXAMPLE 16.9 

A light, elastic string, of natural length 2 m and modulus of elasticity 60 N, has one end attached to a point, A, on a 
rough horizontal surface. The other end is attached to a particle P of mass 3 kg that is on the table. The particle is 
pulled to the side so that the distance AP is 4 m. 

a If the coefficient of friction between the table and the particle is 0.4, find the speed as the particle passes 
through the point A.

b Find the initial acceleration. 

Answer 

a 

F P 
�. 

Initially: 

2m 2m 

T 

• I 
A 

KE = 0 EPE = 60 x 22 

== 60' 2x2 
1At A: KE = -x 3v2

, EPE == 0 
2 

2 Fmax = -x3g=l 2
5 

Energy lost to friction: Wp = 12 x 4 = 48 

Sketch a suitable diagram. 

Label the forces and add distances. 

Determine the initial energy. 

Don't balance the energy levels yet. 

Determine the maximum frictional force. 

Find the work done against friction. 

I.Sm
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In this chapter you will learn how to: 

■ differentiate and integrate functions in terms of the time r or the displacement x

■ set up and solve separable first order differential equations, using variable forces

■ determine displacement. velocity or acceleration.
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So using conservation of momentum in the direction of motion, 2 x 5 + 0 = (2 + l)v. 

Hence the velocity of the combined particles afterwards is v = .!..2.ms-1
3 

This method comes from the equation m 1u 1 
+ m 2u2 = m 1 v 1 

+ m2v2, as shown in 
Key point 18.3. Here, each particle has its own momentum and, since momentum is 
conserved, both sides must balance. 

In this simple case, the particles coalesce and the right side becomes: 

eJ KEV POINT 18.4

When two particles collide, the amount of kinetic energy (KE) lost can be found by comparing the 

KE before and after the collision. If the collision is perfectly elastic, we can use conservation of 

energy to equate KE before and after the collision. 

When two particles collide and coalesce, or stick together, they are said to be inelastic. 
That means there is no bounce between them. If two particles collide and there is no loss 
in kinetic energy, the collision is said to be perfectly elastic. We can use conservation of 
energy, as shown in Key point 18.4. 

Consider the example of two particles that are both of mass m. They are travelling with 
velocities 2u and u, as shown. To find a relationship for the velocities after a perfectly 
elastic collision, we must first find the kinetic energy before they collide. 

�2u �\ll 

before after 

KE _ 1 (2 2 1 2 _ 5 2 d _ 1 ( 2 2) before - -m u) + -mu - -mu, an KEafter - -m V1 + V2 • 

2 2 2 2 
Using conservation of energy means 5u2 

= vr + v� is the equation we need to solve. There 
are many solutions to this, so we shall not be able to solve this at present. 

To help us deal with this, we are going to use Newton's experimental law, which is also 
known as Newton's law of restitution. 

speed of separation 
This law states that the constant e = --------, where O � e � 1. e is called the 

speed of approach 
coefficient of restitution. When e = 0 the objects colliding have no elasticity. This means 
that they will coalesce. 

When e = 1, the objects are said to be perfectly elastic, as in this example. 

To determine v1 and v2, let e = 
v2 - vi. In this expression, v2 - v 1 shows how quickly the
2u -u 

second particle escapes the first one and 2u - u shows how quickly the particles approach 
each other. 

V2 - V1 So 1 = ---, which means v2 - v1 = u. Then from the law of conservation of momentum 
u 

we have 2mu +mu= mv 1 
+ mv2 , or 3u = v1 

+ v2. Combining these two equations gives 
v1 = u and v2 = 2u.





























































































































































































































In this chapter you will learn how to: 

■ prove, understand and use de Moivre's theorem for positive exponents, and also work with

negative and rational exponents

■ express trigonometric ratios of multiple angles in terms of powers, and express powers of cos 0

and sin0 in terms of multiple angles

■ use summation notation in conjunction with de Moivre·s theorem to simplify and manipulate

series of trigonometric terms

■ interpret the multiplication and division of complex numbers geometrically

■ determine the nth roots of unity and of complex expressions.
































































































































































































































