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1 Giventhat x = 4(37), expressy in terms of x. [3]
2  Solvetheinequality 2x > |x— 1|. [4]

3 The parametric equations of a curve are

X=20+sin20, y=1-cos26.

Show that d_y =tané. [5]
dx

4 (i) Express 7cos6 + 24sin0 in the form Rcos(6 — o), where R > 0 and 0° < o < 90°, giving the
exact value of R and the value of o correct to 2 decimal places. [3]

(ii) Hence solve the equation
7c0S6 +24sin6 =15,
giving all solutionsin the interval 0° < 6 < 360°. [4]

5 Inacertainindustrial process, asubstanceisbeing produced in a container. The mass of the substance
in the container t minutes after the start of the processis x grams. At any time, the rate of formation
of the substance is proportional to its mass. Also, throughout the process, the substance is removed

. . dx
from the container at a constant rate of 25 grams per minute. Whent = 0, x = 1000 and i 75.

(i) Show that x and t satisfy the differential equation

dx
o = 0-1(x— 250). [2]

(ii) Solvethisdifferential equation, obtaining an expression for X in terms of t. [6]

6 (i) By sketching a suitable pair of graphs, show that the equation

2cotx =1+ €5,
where X isin radians, has only oneroot in theinterval 0 < X < %n [2]
(ii) Verify by caculation that this root lies between 0.5 and 1.0. [2]

(iii) Show that this root also satisfies the equation

|
X =tan (l+ex)' 1]
(iv) Usetheiterative formula
2
-1
Xpep = AN (m)
with initial value x, = 0.7, to determine this root correct to 2 decimal places. Give the result of
each iteration to 4 decimal places. [3]
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3
7  Thecomplex number 2 + i isdenoted by u. Its complex conjugate is denoted by u*.

(i) Show, on a sketch of an Argand diagram with origin O, the points A, B and C representing the
complex numbers u, u* and u + u* respectively. Describe in geometrical terms the relationship
between the four points O, A, B and C. [4]

(ii) Express ui* intheform x + iy, wherex and y are real. [3]

(iii) By considering the argument of u—u* or otherwise, prove that

tan*(2) = 2tan™*(3). [2]

M

1
The diagram shows a sketch of the curve y = x2Inx and its minimum point M. The curve cuts the
X-axis at the point (1, 0).

(i) Find the exact value of the x-coordinate of M. [4]

(i) Useintegration by parts to find the area of the shaded region enclosed by the curve, the x-axis
and the line X = 4. Give your answer correct to 2 decimal places. [5]

9 (i) Express in partial fractions. [5]

10
(2-X)(1+x3)

(if) Hence, given that |x| < 1, obtain the expansion of in ascending powers of X, up to

(2-X)(1+x3)
and including the term in x3, simplifying the coefficients. [5]
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10 The points A and B have position vectors, relative to the origin O, given by

-1 3
OA=| 3| ad OB=|-1
5 -4
Thelinel passesthrough A and is parallel to OB. The point N isthe foot of the perpendicular from B
tol.
(i) State avector equation for thelinel. [1]
(ii) Find the position vector of N and show that BN = 3. [6]

(iii) Find the equation of the plane containing A, B and N, giving your answer in the form
ax+by+cz =d. (3]
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1 Expand (2 + 3x)~2 in ascending powers of x, up to and including the term in x2, simplifying the
coefficients. [4]

2  The polynomial X3 — 2x + a, where a is a constant, is denoted by p(x). It is given that (x + 2) is a
factor of p(x).

(i) Findthevaue of a. [2]
(ii) When a has this value, find the quadratic factor of p(x). [2]

3 Theequation of acurveisy = xsin2x, where X isin radians. Find the equation of the tangent to the
curve at the point where x = %n. [4]

4 Using the substitution u = 3%, or otherwise, solve, correct to 3 significant figures, the equation

F=2+3% [6]

5 (i) Express cos6 + (v/3)sin6 in the form Rcos(6 — o), where R> 0and 0 < o < %n giving the
exact valuesof Rand «. [3]
iz
. 2 1 1
(ii) Hence show that J 5do = —. [4]
o (cos6+(v3)sing) V3

>
0

The diagram shows a sector AOB of a circle with centre O and radiusr. The angle AOB is o radians,
where 0 < a < n. The areaof triangle AOB is half the area of the sector.

(i) Show that o satisfies the equation
X = 2sinx. [2]
(i) Verify by calculation that o lies between 7 and 27 [2]
(iii) Show that, if a sequence of values given by the iterative formula
X ., =3(X,+4sinx )

converges, then it converges to aroot of the equation in part (i). [2]

(iv) Usethisiterative formula, withinitial value x, = 1.8, to find o correct to 2 decimal places. Give
the result of each iteration to 4 decimal places. [3]
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1
7 LetIZJ‘l mdx

2

(i) Usethe substitution u = +/x to show that | = J ﬁ du [3]
1
(il) Henceshow that | =2In3, [6]
8 The complex number 1o is denoted by u.
(i) Find the modulus and argument of u and u2. [6]

(i) Sketchan Argand diagram showing the points representing the complex numbers u and u?. Shade
theregion whose pointsrepresent the complex numbers z which satisfy both theinequalities|z| < 2

and |z - u?| < |z - ul. [4]

A

The diagram shows a set of rectangular axes Ox, Oy and Oz, and three points A, B and C with position

2 1 1
vectors OA = (0),0_8): (2) and OC = (1)
0 0 2
(i) Find the equation of the plane ABC, giving your answer in the form ax + by + cz = d. [6]
(ii) Calculate the acute angle between the planes ABC and OAB. [4]
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10 A model for the height, h metres, of a certain type of tree at timet years after being planted assumes
1
that, while the treeis growing, the rate of increase in height is proportional to (9 — h)3. Itisgiven that,

Whent:O,hzland%:]:O.Z.

(i) Show that h and t satisfy the differential equation

dh
dt

Wl

= 0.1(9 - h)=.

(ii) Solvethisdifferential equation, and obtain an expression for h in terms of t.
(iii) Find the maximum height of the tree and the time taken to reach this height after planting.

(iv) Calculate the time taken to reach half the maximum height.

[2]

[7]
[2]
[1]
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1 Solvetheinequality [x— 2| > 3|2x+ 1|. [4]

2  Solve, correct to 3 significant figures, the equation

e+ e =¥ [5]
3
D N C
a r
X M
AL » — B

In the diagram, ABCD is a rectangle with AB = 3a and AD = a. A circular arc, with centre A and
radius r, joins points M and N on AB and CD respectively. The angle MAN is x radians. The
perimeter of the sector AMN is equal to half the perimeter of the rectangle.

(i) Show that x satisfies the equation

sinX=2(2+X). [3]

(i) Thisequation has only oneroot in theinterval 0 < X < %n Use the iterative formula

2+X
X :sin‘l( ”),

n+1

with initial value x; = 0.8, to determine the root correct to 2 decimal places. Give the result of
each iteration to 4 decimal places. [3]

4 (i) Show that the equation tan(30° + 6) = 2tan(60° — 6) can be written in the form

tan6 + (6+/3)tan® — 5= 0. [4]

(i) Hence, or otherwise, solve the equation
tan(30° + 0) = 2tan(60° - 0),

for 0° < 6 < 180°. [3]
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5 Thevariable complex number z is given by
z=2c0sO+i(l-2sin0),

where 6 takes dl valuesin theinterval -z < 6 < .

(i) Show that |z —i| = 2, for al values of 6. Hence sketch, in an Argand diagram, the locus of the
point representing z. [3]

(i) Provethat therea part of

- isconstant for - < 0 < 7. [4]
z+2—1i

6 Theequation of a curveisxy(X+Yy) = 2a, where a is a non-zero constant. Show that there is only
one point on the curve at which the tangent is paralle to the x-axis, and find the coordinates of this

point. (8]
7 Letfpo= Xr3x+3
T (X+1)(x+3)°
(i) Expressf(x) in partial fractions. [5]
3
(i) Hence show that L f(x)dx=3-2In2. [4]
8
y

»
'

0] T N %T[

In the diagram the tangent to a curve at ageneral point P with coordinates (X, y) meetsthe x-axisat T.
The point N on the x-axisis such that PN is perpendicular to the x-axis. The curveissuch that, for al
values of xintheinterval 0 < x < %n the area of triangle PTN is equal to tanX, where X isin radians.

(i) Using the fact that the gradient of the curveat P is % show that

dy
o= 1y? cotx. [3]

(ii) Giventhat y = 2 when x = %n, solve this differential equation to find the equation of the curve,
expressing y in terms of Xx. [6]
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1
The diagram showsthecurvey = e_ixx/(l + 2Xx) and its maximum point M. The shaded region between
the curve and the axes is denoted by R.

(i) Find the x-coordinate of M. [4]
(i) Find by integration the volume of the solid obtained when R is rotated completely about the
x-axis. Give your answer interms of 7 and e. [6]
10 The points A and B have position vectors, relative to the origin O, given by
OA=i+2j+3k and OB=2i++3k.
Thelinel has vector equation
r=(1-2t)i+(5+t)j+(2-t)k.

(i) Show that | does not intersect the line passing through A and B. [4]

(ii) The point P lieson | and is such that angle PAB is equal to 60°. Given that the position vector
of Pis (1-2t)i + (5+1)j + (2—t)k, show that 3t? + 7t + 2 = 0. Hence find the only possible
position vector of P. [6]
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2
1  Solve the equation 1n(2 + e_") = 2, giving your answer correct to 2 decimal places. [4]
2
y
A
|
|
|
|
|
|
|
|
|
|
|
|
|
|
} A - x
0 %77.’
The diagram shows the curve y = v/(1 + 2 tan’x) for 0 < x < in.
(i) Use the trapezium rule with three intervals to estimate the value of
in
J V(1 + 2 tan’x) dx,
0
giving your answer correct to 2 decimal places. [3]
(ii) The estimate found in part (i) is denoted by E. Explain, without further calculation, whether
another estimate found using the trapezium rule with six intervals would be greater than E or less
than E. [1]
3 (i) Prove the identity cosec 26 + cot26 = cot 6. [3]
(ii) Hence solve the equation cosec 26 + cot26 = 2, for 0° < 6 < 360°. [2]

4  The equation x° = 2x -2 = 0 has one real root.
(i) Show by calculation that this root lies between x = 1 and x = 2. [2]

(ii) Prove that, if a sequence of values given by the iterative formula

203 +2
_ n

Xpel = 3x2 -2
n

converges, then it converges to this root. [2]

(iii) Use this iterative formula to calculate the root correct to 2 decimal places. Give the result of each
iteration to 4 decimal places. [3]
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2
When (1 + 2x)(1 + ax)3, where a is a constant, is expanded in ascending powers of x, the coefficient
of the term in x is zero.

(i) Find the value of a. [3]

2
(ii) When « has this value, find the term in x° in the expansion of (1 + 2x)(1 + ax)3, simplifying the
coefficient. [4]

The parametric equations of a curve are
xX= acos3t, y= asin3t,
where a is a positive constant and 0 < ¢ < %n
(i) Express % in terms of ¢. [3]

(ii) Show that the equation of the tangent to the curve at the point with parameter ¢ is

xsint+ycost =asintcost. [3]

(iii) Hence show that, if this tangent meets the x-axis at X and the y-axis at Y, then the length of XY
is always equal to a. [2]

(i) Solve the equation 22 + (2+4/3)iz — 4 = 0, giving your answers in the form x + iy, where x and y

are real. [3]
(ii) Sketch an Argand diagram showing the points representing the roots. [1]
(iii) Find the modulus and argument of each root. [3]

(iv) Show that the origin and the points representing the roots are the vertices of an equilateral triangle.

[1]

(i) Express in partial fractions. [4]

x2(10 - x)

(ii) Given that x = 1 when ¢ = 0, solve the differential equation

dx
i ﬁxz(lo -X),

obtaining an expression for ¢ in terms of x. [6]

The line / has equation r = 4i + 2j — K + #(2i — j — 2K). It is given that / lies in the plane with equation
2x + by + ¢z = 1, where b and ¢ are constants.

(i) Find the values of b and c. [6]

(i) The point P has position vector 2j + 4k. Show that the perpendicular distance from P to [ is v/5.
[5]
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The diagram shows the curve y = x*>+/(1 —x?) for x > 0 and its maximum point M.
(i) Find the exact value of the x-coordinate of M. [4]

(ii) Show, by means of the substitution x = sin 0, that the area A of the shaded region between the
curve and the x-axis is given by

1

A=l r” sin®26 d6 3]
-4 .

(iii) Hence obtain the exact value of A. (4]
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1  Solve the inequality |x + 3a| > 2|x — 2a|, where a is a positive constant. [4]

2 Solve the equation
sin® =2cos260 + 1,

giving all solutions in the interval 0° < 6 < 360°. [6]

3  The variables x and y satisfy the equation x"y = C, where n and C are constants. When x = 1.10,
y =15.20, and when x = 3.20, y = 1.05.

(i) Find the values of n and C. [5]
(ii) Explain why the graph of Iny against In x is a straight line. [1]

4 (i) Using the expansions of cos(3x — x) and cos(3x + x), prove that
1(cos 2x — cos 4x) = sin 3x sinx. [3]

(ii) Hence show that
1
3

J sin3xsinxdx = §4/3. [3]

5 Given that y = 0 when x = 1, solve the differential equation
y 2
— =y +4,
Xy i y

obtaining an expression for y? in terms of x. [6]
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A o B

The diagram shows a semicircle ACB with centre O and radius r. The angle BOC is x radians. The
area of the shaded segment is a quarter of the area of the semicircle.

(i) Show that x satisfies the equation

x =371 —sinx. [3]
(ii) This equation has one root. Verify by calculation that the root lies between 1.3 and 1.5. [2]
(iii) Use the iterative formula
X, =3m—sinx,

to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [3]

7  The complex number 2 + 2i is denoted by u.
(i) Find the modulus and argument of u. [2]
(ii) Sketch an Argand diagram showing the points representing the complex numbers 1, 1and . Shade
the region whose points represent the complex numbers z which satisfy both the inequalities
|z-1|<|z-i|and |z —u| < 1. [4]

(iii) Using your diagram, calculate the value of | z| for the point in this region for which arg z is least.

[3]

8 (i) Express in partial fractions. [2]

2
(x+1D)(x+3)

(ii) Using your answer to part (i), show that

2 S N Lo ]
(x+D)(x+3))  (x+1)? x+1 x+3  (x+3)*
1 4
(iii) Hence show thatL (x+1)2(x+3)2dx=%_1n%' [5]
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1-
The diagram shows the curve y = \/ (1—+i)

1- d
(i) By first differentiating #, obtain an expression for ay in terms of x. Hence show that the
by
gradient of the normal to the curve at the point (x, y) is (1 +x) /(1 — x?). [5]
(i) The gradient of the normal to the curve has its maximum value at the point P shown in the

diagram. Find, by differentiation, the x-coordinate of P. [4]

10 The lines [ and m have vector equations

r=i+j+k+s(i-j+2k) and r=4i+6j+k+1¢2i+2j+k)

respectively.
(i) Show that [ and m intersect. [4]
(if) Calculate the acute angle between the lines. [3]

(iii) Find the equation of the plane containing / and m, giving your answer in the form ax + by + cz =d.

[5]
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2
1  Solve the equation
2" +1
=5
2 -1 ’
giving your answer correct to 3 significant figures. [4]
/s
2 Show that J x*sinxdx = 7% — 4. [5]
0

3 Itis given that cosa = %, where 0° < a < 90°. Showing your working and without using a calculator
to evaluate a,

(i) find the exact value of sin(a — 30°), [3]
(ii) find the exact value of tan 2a, and hence find the exact value of tan 3a. [4]
4
y

) sinx . .. .
The diagram shows the curve y = —— for 0 < x < 27, and its minimum point M.
X

(i) Show that the x-coordinate of M satisfies the equation

X =tanx. [4]

(ii) The iterative formula

-1
X, =tan"(x,)+7

can be used to determine the x-coordinate of M. Use this formula to determine the x-coordinate
of M correct to 2 decimal places. Give the result of each iteration to 4 decimal places. [3]

5  The polynomial 2x* + 5x* + ax + b, where a and b are constants, is denoted by p(x). It is given that
(2x + 1) is a factor of p(x) and that when p(x) is divided by (x + 2) the remainder is 9.

(i) Find the values of a and b. [5]

(i) When a and b have these values, factorise p(x) completely. [3]
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6  The equation of a curve is

xIlny=2x+1.

(i) Show that j—)yc = —)%. [4]

(ii) Find the equation of the tangent to the curve at the point where y = 1, giving your answer in the
form ax + by +c =0. [4]

7  The variables x and ¢ are related by the differential equation

e % = cos’x,
where 2 0. Whenr =0, x =0.
(i) Solve the differential equation, obtaining an expression for x in terms of ¢. [6]
(ii) State what happens to the value of x when 7 becomes very large. [1]
(iii) Explain why x increases as t increases. [1]

8 The variable complex number z is given by
z=1+c0s20 +1sin20,

where 6 takes all values in the interval -7 < 6 < 7.

(i) Show that the modulus of z is 2 cos 6 and the argument of z is 6. [6]

1
(ii) Prove that the real part of — is constant. [3]
z

9  The plane p has equation 3x + 2y + 4z = 13. A second plane q is perpendicular to p and has equation
ax+y+z =4, where a is a constant.

(i) Find the value of a. (3]

(ii) The line with equation r = j — Kk + A (i + 2j + 2Kk) meets the plane p at the point A and the plane g
at the point B. Find the length of AB. [6]

10 (i) Find the values of the constants A, B, C and D such that

2% -1 B C D
———=A+—+ S+ . 5
2(2x-1) PRI [5]
(ii) Hence show that
> 281
x —
————dx=3+1In(L). [5]
2 2 2 27
£ x*(2x—1)

© UCLES 2010 9709/32/M/J/10



PMT

4

BLANK PAGE

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every reasonable
effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the publisher will
be pleased to make amends at the earliest possible opportunity.

University of Cambridge International Examinations is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of University of
Cambridge Local Examinations Syndicate (UCLES), which is itself a department of the University of Cambridge.

9709/32/M/J/10



¥292S99¢691L 1L %

UNIVERSITY OF CAMBRIDGE INTERNATIONAL EXAMINATIONS
General Certificate of Education Advanced Level

MATHEMATICS 9709/33
Paper 3 Pure Mathematics 3 (P3) May/June 2010
1 hour 45 minutes

Additional Materials: Answer Booklet/Paper
Graph Paper
List of Formulae (MF9)

READ THESE INSTRUCTIONS FIRST

If you have been given an Answer Booklet, follow the instructions on the front cover of the Booklet.
Write your Centre number, candidate number and name on all the work you hand in.

Write in dark blue or black pen.

You may use a soft pencil for any diagrams or graphs.

Do not use staples, paper clips, highlighters, glue or correction fluid.

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in
degrees, unless a different level of accuracy is specified in the question.

The use of an electronic calculator is expected, where appropriate.

You are reminded of the need for clear presentation in your answers.

At the end of the examination, fasten all your work securely together.
The number of marks is given in brackets [ ] at the end of each question or part question.
The total number of marks for this paper is 75.

Questions carrying smaller numbers of marks are printed earlier in the paper, and questions carrying larger
numbers of marks later in the paper.

This document consists of 3 printed pages and 1 blank page.

UNIVERSITY of CAMBRIDGE

€’ International Examinations

© UCLES 2010 [Turn over

PMT



Solve the inequality |x — 3| > 2|x + 1]. [4]
The variables x and y satisfy the equation y*> = Ae>*, where A is a constant. The graph of In y against
X is a straight line.
(i) Find the gradient of this line. [2]
(ii) Given that the line intersects the axis of Iny at the point where Iny = 0.5, find the value of A

correct to 2 decimal places. [2]

Solve the equation
tan(45° — x) = 2tanx,

giving all solutions in the interval 0° < x < 180°. [5]

Given that x = 1 when ¢ = 0, solve the differential equation

dx 1 «x
dt x &4
obtaining an expression for x? in terms of ¢. [7]

0 4

The diagram shows the curve y = e™ — e™>* and its maximum point M. The x-coordinate of M is
denoted by p.

(i) Find the exact value of p. (4]

(ii) Show that the area of the shaded region bounded by the curve, the x-axis and the line x = p is
equal to %. [4]
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6 Thecurvey= a1 has one stationary point.
X

(i) Show that the x-coordinate of this point satisfies the equation

_x+1
" Inx’
and that this x-coordinate lies between 3 and 4. [5]
(ii) Use the iterative formula
X, t 1
n+l — In x,
to determine the x-coordinate correct to 2 decimal places. Give the result of each iteration to
4 decimal places. [3]
7 (i) Prove the identity cos 360 = 4 cos® 6 — 3 cos . [4]

(ii) Using this result, find the exact value of

ir

J cos>0d6. [4]

1
37

8 (a) The equation 2x’ — x*> + 2x + 12 = 0 has one real root and two complex roots. Showing your
working, verify that 1 +1i+/3 is one of the complex roots. State the other complex root. [4]

(b) On a sketch of an Argand diagram, show the point representing the complex number 1 +i+/3.
On the same diagram, shade the region whose points represent the complex numbers z which
satisfy both the inequalities |z — 1 —i+/3| < 1 and argz < i7. [5]

4+ 5x — x>

(1 -2x)(2+x)?

9 (i) Express in partial fractions. [5]

4+ 5x — x*

(1-2x)(2+x)?
the term in x°. [5]

(i) Hence obtain the expansion of

in ascending powers of x, up to and including

10 The straight line / has equationr = 2i — j — 4k + A (i + 2j + 2k). The plane p has equation 3x—y +2z=9.
The line / intersects the plane p at the point A.

(i) Find the position vector of A. [3]
(ii) Find the acute angle between [ and p. [4]

(iii) Find an equation for the plane which contains / and is perpendicular to p, giving your answer in
the form ax + by + cz = d. [5]
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2

1 Expand /(1 — 6x) in ascending powers of x up to and including the term in x°, simplifying the

coefficients.

2  Find g—)yc in each of the following cases:

(i) y =In(1 + sin2x),

. _ tanx
(i) y= Pt

[4]

(2]
(2]

3  Points A and B have coordinates (-1, 2, 5) and (2, —2, 11) respectively. The plane p passes through

B and is perpendicular to AB.
(i) Find an equation of p, giving your answer in the form ax + by + cz = d.

(ii) Find the acute angle between p and the y-axis.

4  The polynomial f(x) is defined by
f(x) = 12x% +25x% — 4x — 12.

(i) Show that f(—2) = 0 and factorise f(x) completely.

(ii) Given that
12%x277+25%x9"-4%x3"-12=0,

state the value of 3” and hence find y correct to 3 significant figures.

5  The curve with equation

6e> + ke’ +e¥ =c,

where k and ¢ are constants, passes through the point P with coordinates (In 3, In2).

(i) Show that 58 + 2k = c.

(ii) Given also that the gradient of the curve at P is —6, find the values of k and c.
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The diagram shows a circle with centre O and radius 10 cm. The chord AB divides the circle into two
regions whose areas are in the ratio 1 : 4 and it is required to find the length of AB. The angle AOB
is O radians.

(i) Show that 6 = 27 + sin 6. [3]

(i) Showing all your working, use an iterative formula, based on the equation in part (i), with
an initial value of 2.1, to find 6 correct to 2 decimal places. Hence find the length of AB in
centimetres correct to 1 decimal place. [5]

2
7  The integral [ is defined by I = J 4¢3 In(£* + 1) dt.
0

5

(i) Use the substitution x = #* + 1 to show that I = J (2x—2)Inxdx. [3]
1

(ii) Hence find the exact value of 1. [5]

6-3i
1+2i

8 The complex number u is defined by u =

(i) Showing all your working, find the modulus of # and show that the argument of u is —%n. [4]

(ii) For complex numbers z satisfying arg(z — u) = in’, find the least possible value of |z]|. [3]

(iii) For complex numbers z satisfying |z — (1 +i)u| = 1, find the greatest possible value of |z|. [3]

9 (i) Prove the identity cos460 +4cos20 =8 cos*6 - 3. (4]
(ii) Hence
(a) solve the equation cos460 + 4 cos260 =1 for —%n’ <0< %n, [3]

4

T
(b) find the exact value of J cos*6de. [3]

0

[Question 10 is printed on the next page.]

© UCLES 2011 9709/31/M/J/11 [Tlll'll over

PMT



PMT

4

10 The number of birds of a certain species in a forested region is recorded over several years. At time
t years, the number of birds is N, where N is treated as a continuous variable. The variation in the
number of birds is modelled by

dN _ N(1800 - N)

dr 3600
It is given that N = 300 when 7 = 0.
(i) Find an expression for N in terms of ¢. [9]
(i) According to the model, how many birds will there be after a long time? [1]
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1

2

3

5

Solve the inequality |x| < |5 + 2x|. [3]

(i) Show that the equation
log,(x+5) =5-log, x

can be written as a quadratic equation in x. [3]

(i) Hence solve the equation

log,(x+5) =5 —log, x. [2]

Solve the equation
cos0 +4cos20 =3,

giving all solutions in the interval 0° < 6 < 180°. [5]
C
r
X
A 0 B T

The diagram shows a semicircle ACB with centre O and radius . The tangent at C meets AB produced
at T. The angle BOC is x radians. The area of the shaded region is equal to the area of the semicircle.

(i) Show that x satisfies the equation
tanx = x + 7. [3]

(ii) Use the iterative formula x,, , = tan‘l(xn + 1) to determine x correct to 2 decimal places. Give
the result of each iteration to 4 decimal places. [3]

The parametric equations of a curve are
x =In(tan?), 7y =sin’t,

where 0 < 7 < 17

2
. dy .
(i) Express — in terms of ¢. [4]
dx
(ii) Find the equation of the tangent to the curve at the point where x = 0. [3]
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6 A certain curve is such that its gradient at a point (x, y) is proportional to xy. At the point (1, 2) the
gradient is 4.

(i) By setting up and solving a differential equation, show that the equation of the curve is y = 2e" 1,

[7]

(ii) State the gradient of the curve at the point (—1, 2) and sketch the curve. [2]

5
7 (a) The complex number u is defined by u = PRI where the constant a is real.

(i) Express u in the form x + iy, where x and y are real. [2]
(ii) Find the value of a for which arg(u*) = %n’, where u* denotes the complex conjugate of u.
[3]

(b) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z

which satisfy both the inequalities |z| < 2 and |z| < |z — 2 - 2i]. [4]
8 (i) Express x—x* in partial fractions [5]
X PR —— .
P @) P
.. . . 5x — x* . . . .
(ii) Hence obtain the expansion of ——————— in ascending powers of x, up to and including the
(1+x)(2+x7)
term in x°. [5]

9 Two planes have equations x+ 2y —2z =7 and 2x +y + 3z = 5.

(i) Calculate the acute angle between the planes. [4]
(ii) Find a vector equation for the line of intersection of the planes. [6]
10
y
A
M
P

N > X
)

The diagram shows the curve y = x?e ™.

(i) Show that the area of the shaded region bounded by the curve, the x-axis and the line x = 3 is

17
equal to 2 — —.. [5]
e
(ii) Find the x-coordinate of the maximum point M on the curve. [4]

(iii) Find the x-coordinate of the point P at which the tangent to the curve passes through the origin.

(2]
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2
1  Use logarithms to solve the equation 5%~ = 2(3*), giving your answer correct to 3 significant figures.
[4]
1
2 Thecurvey= n_3x has one stationary point. Find the x-coordinate of this point. [4]
X
! Ly -1
3 ShowthatJ (I1-x)e 2 dx=4e 2-2. [5]
0

4 (i) Show that the equation
tan(60° + 0) + tan(60° — 0) = k
can be written in the form

(2+/3)(1 +tan?0) = k(1 — 3 tan?0). [4]

(i) Hence solve the equation
tan(60° + 6) + tan(60° — 6) = 3/3,

giving all solutions in the interval 0° < 6 < 180°. (3]

5  The polynomial ax® + bx?> + 5x — 2, where a and b are constants, is denoted by p(x). It is given that
(2x — 1) is a factor of p(x) and that when p(x) is divided by (x — 2) the remainder is 12.

(i) Find the values of a and b. [5]

(i) When a and b have these values, find the quadratic factor of p(x). [2]

6 (i) By sketching a suitable pair of graphs, show that the equation
cotx =1 +x2,
1

where x is in radians, has only one root in the interval 0 < x < 5T [2]

(if) Verify by calculation that this root lies between 0.5 and 0.8. [2]

(iii) Use the iterative formula

tan™! 1 )
X =
n+l 1 +xi

to determine this root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [3]
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7 (i) Find the roots of the equation
22+ (2V3)z+4 =0,
giving your answers in the form x + iy, where x and y are real. [2]

(if) State the modulus and argument of each root. [3]

(iif) Showing all your working, verify that each root also satisfies the equation

26 = —64. [3]

»
>

o Ly

The diagram shows the curve y = 5 sin® x cos?x for 0 < x < %n, and its maximum point M.
(i) Find the x-coordinate of M. [5]
(ii) Using the substitution u# = cos x, find by integration the area of the shaded region bounded by the

curve and the x-axis. [5]

9 In a chemical reaction, a compound X is formed from two compounds Y and Z. The masses in
grams of X, Y and Z present at time ¢ seconds after the start of the reaction are x, 10 — x and 20 — x
respectively. At any time the rate of formation of X is proportional to the product of the masses of Y

dx
and Z present at the time. When# =0, x = 0 and T 2.

(i) Show that x and 7 satisfy the differential equation

dx
— =0.01(10 — x)(20 — x). [1]
dr
(ii) Solve this differential equation and obtain an expression for x in terms of ¢. [9]
(iii) State what happens to the value of x when ¢ becomes large. [1]

10 With respect to the origin O, the lines / and m have vector equations r = 2i + k + A (i — j + 2k) and
r =2j+ 6k + u(i + 2j — 2Kk) respectively.

(i) Prove that / and m do not intersect. [4]
(ii) Calculate the acute angle between the directions of / and m. [3]

(iii) Find the equation of the plane which is parallel to / and contains m, giving your answer in the
form ax + by + cz = d. [5]
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1  Solve the equation |4 — 2¥| = 10, giving your answer correct to 3 significant figures. [3]

1
2 (i) Expand W in ascending powers of x, up to and including the term in x*, simplifying the
—4x
coefficients. [3]
.o . 2. . 1+2x
(i) Hence find the coefficient of x~ in the expansion of ———— . [2]
V(4 - 16x)
3  The polynomial p(x) is defined by
p(x) = x* - 3ax + 4a,
where a is a constant.
(i) Given that (x —2) is a factor of p(x), find the value of a. [2]
(ii) When a has this value,
(a) factorise p(x) completely, [3]
(b) find all the roots of the equation p(xz) =0. [2]
1 +2i)?
4  The complex number u is defined by u = %
i

(i) Without using a calculator and showing your working, express u in the form x + iy, where x and
y are real. [4]

(ii) Sketch an Argand diagram showing the locus of the complex number z such that |z — u| = |u].

[3]

The diagram shows the curve

1

— Qi Ctan l
y = 8sinzx — tan 5x

for 0 < x < m. The x-coordinate of the maximum point is ¢ and the shaded region is enclosed by the
curve and the lines x = o and y = 0.

(i) Show that ot = 37. [3]
(ii) Find the exact value of the area of the shaded region. [4]
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3
6  The equation of a curve is 3x* — 4xy + y* = 45.
(i) Find the gradient of the curve at the point (2, —3). [4]
(i) Show that there are no points on the curve at which the gradient is 1. [3]

7  The variables x and y are related by the differential equation

Q_6xe3x
dx 2o

It is given that y = 2 when x = 0. Solve the differential equation and hence find the value of y when
x = 0.5, giving your answer correct to 2 decimal places. [8]

1 2
8 The point P has coordinates (—1, 4, 11) and the line / has equation r = ( 3 ) + A ( 1 )

-4 3
(i) Find the perpendicular distance from P to /. [4]
(ii) Find the equation of the plane which contains P and [/, giving your answer in the form
ax + by + cz = d, where a, b, ¢ and d are integers. [5]
4x* +5x +3
9 By first expressing xz—x in partial fractions, show that
2x°+5x+2
Y4 £ 5043
T e =8—-1n9. [10]
0 2x°+5x+2

10 (i) Itis given that 2tan2x + 5tan’x = 0. Denoting tan x by #, form an equation in 7 and hence show
that either # = 0 or r = /(¢ + 0.8). (4]

(ii) Itis given that there is exactly one real value of 7 satisfying the equation 7 = /(7 + 0.8). Verify
by calculation that this value lies between 1.2 and 1.3. [2]

(iii) Use the iterative formulaz  , = v (z, +0.8) to find the value of 7 correct to 3 decimal places. Give
the result of each iteration to 5 decimal places. [3]

(iv) Using the values of 7 found in previous parts of the question, solve the equation
2tan2x + Stan’x = 0

for—-r<x< . [3]
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1  Solve the equation
In(3x+4) =2In(x+ 1),

giving your answer correct to 3 significant figures. [4]
2 C
1
M
a
A B

In the diagram, ABC is a triangle in which angle ABC is a right angle and BC = a. A circular arc,
with centre C and radius a, joins B and the point M on AC. The angle ACB is 6 radians. The area of
the sector CM B is equal to one third of the area of the triangle ABC.

(i) Show that 9 satisfies the equation

tan 6 = 36. [2]

(ii) This equation has one root in the interval 0 < 6 < %n. Use the iterative formula

0,.,= tan‘1(39n)

to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [3]

1-
3 Expand \/ (f) in ascending powers of x, up to and including the term in x?, simplifying the
X

coefficients. [5]

4  Solve the equation

cosec20 =secH +cot0,

giving all solutions in the interval 0° < 6 < 360°. [6]

5 The variables x and y satisfy the differential equation

dy
dx

and y = 0 when x = 0. Solve the differential equation, obtaining an expression for y in terms of x. [6]

— e2x+y ,

6  The equation of a curve is y = 3sinx + 4 cos’ x.
(i) Find the x-coordinates of the stationary points of the curve in the interval 0 < x < 7. [6]

(i) Determine the nature of the stationary point in this interval for which x is least. [2]
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7  Throughout this question the use of a calculator is not permitted.

The complex number u is defined by

1+2i
u= .
1-3i
(i) Express u in the form x + iy, where x and y are real. [3]

(i) Show on a sketch of an Argand diagram the points A, B and C representing the complex numbers
u, 1 +2i and 1 — 3i respectively. [2]

(iii) By considering the arguments of 1 + 2i and 1 — 31, show that

tan”'2 +tan"'3 = %n’. [3]

5
5
8 Letl/= — dx.
© J;x+\/(6—x)

(i) Using the substitution u = /(6 — x), show that

2
10u
IZL Gowerw 4]

(ii) Hence show that / =2 ln(%). (6]

N ©

1
The diagram shows the curve y = x2In x. The shaded region between the curve, the x-axis and the line
x = e is denoted by R.

(i) Find the equation of the tangent to the curve at the point where x = 1, giving your answer in the
form y = mx + c. [4]

(if) Find by integration the volume of the solid obtained when the region R is rotated completely
about the x-axis. Give your answer in terms of 7 and e. [7]

[Question 10 is printed on the next page.]
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10 Two planes, m and n, have equations x + 2y — 2z = 1 and 2x — 2y + z = 7 respectively. The line / has
equationr =i+ j—Kk+ A(2i +j + 2Kk).

(i) Show that [ is parallel to m. [3]
(ii) Find the position vector of the point of intersection of / and #. [3]

(iii) A point P lying on [ is such that its perpendicular distances from m and n are equal. Find the
position vectors of the two possible positions for P and calculate the distance between them.

[6]

[The perpendicular distance of a point with position vector x,i + y,j + z,Kk from the plane
|ax, + by, + cz, —d|
Vi@ +b*+c?)

ax+by+cz=dis
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2

1 Expand in ascending powers of x, up to and including the term in x“, simplifying the

1
V(4 + 3x)
coefficients. [4]

2 Solve the equation In(2x + 3) = 2Inx + In 3, giving your answer correct to 3 significant figures. [4]

3  The parametric equations of a curve are
x=sin20-60, y=cos20+2sin6.

dy 2cos 0

how that = = —=S98Y
Show that 7= = =519

[5]

2x
. . € . .
4  The curve with equation y = —- has one stationary point.
P

(i) Find the x-coordinate of this point. (4]

(i) Determine whether this point is a maximum or a minimum point. [2]

5 In acertain chemical process a substance A reacts with another substance B. The masses in grams of
A and B present at time ¢ seconds after the start of the process are x and y respectively. It is given that

d
d—f — —0.6xy and x = 5¢™>. When ¢ = 0, y = 70.

(i) Form a differential equation in y and z. Solve this differential equation and obtain an expression
for y in terms of . [6]

(i) The percentage of the initial mass of B remaining at time ¢ is denoted by p. Find the exact value
approached by p as t becomes large. [2]
6 Itis given that tan 3x = ktanx, where k is a constant and tan x # O.
(i) By first expanding tan(2x + x), show that

(Bk—1)tan’*x = k - 3. [4]

(ii) Hence solve the equation tan3x = ktanx when k = 4, giving all solutions in the interval
0° < x < 180°. [3]

(iii) Show that the equation tan 3x = k tan x has no root in the interval 0° < x < 180° when k = 2. [1]
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7
Yy
A
R
» X
0 P’
The diagram shows part of the curve y = cos(+v/x) for x > 0, where x is in radians. The shaded region
between the curve, the axes and the line x = p?, where p > 0, is denoted by R. The area of R is equal
to 1.
. o ’ » . 3-2cosp
(i) Use the substitution x = #~ to find cos(v/x) dx. Hence show that sinp = >, [6]
0 P
. o . f3-2cosp,\ .
(ii) Use the iterative formula p, , = sin —, | with initial value p; = 1, to find the value of
Pn
p correct to 2 decimal places. Give the result of each iteration to 4 decimal places. [3]
4x* - Tx -1
8 Letf(x)=——7—-.
et = i ax=3)
(i) Express f(x) in partial fractions. [5]
6
(i) Show that J f(x)dx =8 —In(%). [5]
2

9  The lines [ and m have equations r = 3i — 2j + kK + A(—i + 2j + k) and r = 4i + 4j + 2k + u(ai + bj — k)
respectively, where a and b are constants.

(i) Given that / and m intersect, show that

2a-b=4 [4]

(ii) Given also that / and m are perpendicular, find the values of a and b. [4]

(iii) When a and b have these values, find the position vector of the point of intersection of / and m.

(2]

10 (a) The complex numbers u and w satisfy the equations
u-w=4i and uw=>5.

Solve the equations for u# and w, giving all answers in the form x + iy, where x and y are real.

[5]

(b) () On a sketch of an Argand diagram, shade the region whose points represent complex
numbers satisfying the inequalities |z — 2 + 2i| < 2, argz < —‘1171 and Rez > 1, where Re z
denotes the real part of z. [5]

(ii) Calculate the greatest possible value of Re z for points lying in the shaded region. [1]
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1  Find the quotient and remainder when 2X° is divided by X + 2. [3]
1+3X . . . . . 2 . i .
2  Expand m in ascending powers of X up to and including the term in X°, simplifying the
coefficients. [4]
7X - 3X+2
3  Express — in partial fractions. [5]
X(X“+1)
4 (i) Solve the equation [4X— 1| =|X-3|. [3]
(i) Hence solve the equation |[4¥*' — 1| = [4Y - 3| correct to 3 significant figures. [3]

5  For each of the following curves, find the gradient at the point where the curve crosses the y-axis:

) 1+x°
0 y=12 [3]
(i) 2x° +5xy+y® =8. [4]

6  The points P and Q have position vectors, relative to the origin O, given by
OP=7i+7j -5k and OQ=-5i+j +Kk.
The mid-point of PQ is the point A. The plane IT is perpendicular to the line PQ and passes through A.

(i) Find the equation of IT, giving your answer in the form ax + by + ¢z = d. [4]

(ii) The straight line through P parallel to the X-axis meets IT at the point B. Find the distance AB,
correct to 3 significant figures. [5]

7 (&) Without using a calculator, solve the equation
3w+ 2iw* = 17 + 8i,

where W* denotes the complex conjugate of W. Give your answer in the form a + bi. [4]

(b) In an Argand diagram, the loci
arg(z —2i) = éﬂ: and |z-3|=|z-3]|

intersect at the point P. Express the complex number represented by P in the form re'®, giving
the exact value of 0 and the value of I correct to 3 significant figures. [5]

4

8 (a) Show that J 4XInXdX =561n2 - 12. [5]
2

1
(b) Use the substitution U = sin4X to find the exact value of ,[24 cos’ 4x dX. [5]

0
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3
9 (i) Express 4cos 0+ 3sin 0 in the form Rcos(8 — o), where R> 0 and 0 < a < %n. Give the value
of o correct to 4 decimal places. [3]
(i) Hence
(@) solve the equation 4cos 0+ 3sin 0 =2 for 0 < 6 < 2, [4]
50
(b) find —— do. [3]
(4 cos 6 + 3sin 0)

10 Liquid is flowing into a small tank which has a leak. Initially the tank is empty and, t minutes later,
the volume of liquid in the tank is V cm?®. The liquid is flowing into the tank at a constant rate of
80 cm?® per minute. Because of the leak, liquid is being lost from the tank at a rate which, at any
instant, is equal to KV cm? per minute where K is a positive constant.

(i) Write down a differential equation describing this situation and solve it to show that

V= %(80—806“). [7]

(ii) It is observed that V = 500 when t = 15, so that K satisfies the equation

4 — 413K
-T2

k
Use an iterative formula, based on this equation, to find the value of K correct to 2 significant
figures. Use an initial value of K = 0.1 and show the result of each iteration to 4 significant

figures. [3]

(iii) Determine how much liquid there is in the tank 20 minutes after the liquid started flowing, and
state what happens to the volume of liquid in the tank after a long time. [2]
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1 Solve the equation |[X—2| = |%X| [3]

2  The sequence of values given by the iterative formula

X, (X + 100)

1T 00 4 25)

with initial value X, = 3.5, converges to a.

(i) Use this formula to calculate o correct to 4 decimal places, showing the result of each iteration
to 6 decimal places. [3]

(ii) State an equation satisfied by o and hence find the exact value of . 2]

Iny
A

(0.64, 0.76)

(1.69, 0.32)

)

The variables X and Y satisfy the equation y = Ae‘kxz, where A and K are constants. The graph of Iny
against X° is a straight line passing through the points (0.64, 0.76) and (1.69, 0.32), as shown in the
diagram. Find the values of A and K correct to 2 decimal places. [5]

4  The polynomial ax’ — 20x* + X + 3, where a is a constant, is denoted by p(X). It is given that (3X+ 1)
is a factor of p(X).

(i) Find the value of a. [3]

(i) When a has this value, factorise p(X) completely. [3]

The diagram shows the curve with equation
X} +xy* +ay’ - 3ax* = 0,

where ais a positive constant. The maximum point on the curve is M. Find the X-coordinate of M in
terms of a. [6]
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10

(i) By differentiating

(i)

(i)

(i)

(i)

(i)

(a)

(b)

v show that the derivative of sec X is sec Xtan X. Hence show that if
coSs

d
y = In(sec X + tan X) then 5{ = sec X. [4]

Using the substitution X = (v/3) tan 6, find the exact value of

3
1
—dX,
L V(3 +X)

expressing your answer as a single logarithm. [4]

By first expanding cos(X + 45°), express cos(X + 45°) — (v/2) sin X in the form Rcos(X + «),
where R> 0 and 0° < a < 90°. Give the value of R correct to 4 significant figures and the value
of o correct to 2 decimal places. [5]

Hence solve the equation

cos(X+45°) — (¥2)sinX = 2,

for 0° < X < 360°. (4]
1 A C

Express —— in the form — + — + . 4

P X2(2X+ 1) XXX 2X+1 4]

The variables X and Y satisfy the differential equation
dy
2

=X(2X+1)—,

y=x(x+ )5
and Yy = 1 when X = 1. Solve the differential equation and find the exact value of y when X = 2.
Give your value of y in a form not involving logarithms. [7]
The complex number W is such that Rew > 0 and W + 3W* = iw?, where W* denotes the complex

conjugate of w. Find W, giving your answer in the form X + iy, where X and y are real. [5]

On a sketch of an Argand diagram, shade the region whose points represent complex numbers
z which satisfy both the inequalities |z — 2i| < 2 and 0 < arg(z + 2) < iﬂ?. Calculate the greatest
value of |z| for points in this region, giving your answer correct to 2 decimal places. [6]

The points A and B have position vectors 2i — 3] + 2k and 5i — 2j + Kk respectively. The plane p has
equation X+Yy = 5.

(i) Find the position vector of the point of intersection of the line through A and B and the plane p.

[4]

(ii) A second plane q has an equation of the form X + by + ¢z = d, where b, € and d are constants.

The plane q contains the line AB, and the acute angle between the planes p and q is 60°. Find
the equation of Q. [7]
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Solve the inequality |[4X + 3| > |X|. [4]

Itis given that In(y+ 1) —Iny =1 + 3In X. Express Y in terms of X, in a form not involving logarithms.

[4]
Solve the equation tan 2X = 5 cot X, for 0° < X < 180°. [5]

(i) Express (¥3)cos X+ sin X in the form Rcos(X — ), where R> 0 and 0 < o < %n, giving the exact
values of Rand a. [3]

(i) Hence show that

T

J' ! ax = 143. [4]

((V3)cosx + sinx)2

1
3

The polynomial 8X* + ax® + bx + 3, where a and b are constants, is denoted by p(X). It is given that
(2x+ 1) is a factor of p(X) and that when p(X) is divided by (2X — 1) the remainder is 1.

(i) Find the values of a and b. [5]

(i) When a and b have these values, find the remainder when p(X) is divided by 2x*> — 1. [3]

-
'

Ql
N
1

The diagram shows the curves Y = e and y = 2InX. When X = a the tangents to the curves are
parallel.

(i) Show that a satisfies the equation a = %(3 —1Ina). [3]
(i1) Verify by calculation that this equation has a root between 1 and 2. [2]

(iii) Use the iterative formula @, , = %(3 —1Ina,) to calculate a correct to 2 decimal places, showing
the result of each iteration to 4 decimal places. [3]
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7  The complex number z is defined by z = a + ib, where a and b are real. The complex conjugate of z
is denoted by z*.

(i) Show that |z|> = zz* and that (z — ki)* = z* + ki, where K is real. [2]

In an Argand diagram a set of points representing complex numbers z is defined by the equation
|z - 10i| = 2|z — 4i].

(i) Show, by squaring both sides, that
zz¥ = 2iz* +2iz—- 12 =0.
Hence show that |z — 2i| = 4. [5]

(iii) Describe the set of points geometrically. [1]

8  The variables X and t satisfy the differential equation

dx _ k—x?
dt — ox2’

for t > 0, where K is a constant. Whent=1,X=1 and whent =4, x=2.

(i) Solve the differential equation, finding the value of K and obtaining an expression for X in terms

of t. [9]
(if) State what happens to the value of X as t becomes large. [1]
9
y
M
l/\l g
) in

The diagram shows the curve y = sin?2Xcos X for 0 < X < 17, and its maximum point M.

1
2
(i) Find the X-coordinate of M. [6]

(if) Using the substitution U = sin X, find by integration the area of the shaded region bounded by the
curve and the X-axis. [4]

10 The line | has equation r =i +j + Kk + A(a + 2j + k), where ais a constant. The plane p has equation
X+ 2y + 2z = 6. Find the value or values of ain each of the following cases.

(i) The line | is parallel to the plane p. [2]
(ii) The line | intersects the line passing through the points with position vectors 3i + 2j + k and
i+j—k. (4]

(iii) The acute angle between the line | and the plane p is tan™' 2. [5]
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(i) Simplify sin2a sec a. [2]

(il) Given that 3cos2f+ 7 cos 8 = 0, find the exact value of cos f3. [3]

2  Use the substitution U = 1 + 3 tan X to find the exact value of

3  The parametric equations of a curve are

3t+2
2t+3°

Find the gradient of the curve at the point where it crosses the Yy-axis. [6]

=In(2t+3), y=

4  The variables X and Y are related by the differential equation

dy  6ye™
dX 2+e¥
Given that Y = 36 when X = 0, find an expression for Y in terms of X. [6]
: OV3+9i . : :
5  The complex number z is defined by z = B Find, showing all your working,

(i) an expression for z in the form re'®, where r >0 and -7 < 6 < 7, [5]

(ii) the two square roots of z, giving your answers in the form re'’, wherer >0and -7 < 0 < 7. [3]

6 Itis given that 2In(4X—-5) +In(X+ 1) =31n3.

(i) Show that 16X° — 24x> — 15Xx—-2 = 0. [3]
(ii) By first using the factor theorem, factorise 16x° — 24x* — 15X — 2 completely. [4]
(iii) Hence solve the equation 2In(4X—5) +In(X+ 1) = 31n 3. [1]

7  The straight line | has equation r = 4i —j + 2k + A(2i — 3j + 6K). The plane p passes through the point
(4, —1, 2) and is perpendicular to .

(i) Find the equation of p, giving your answer in the form ax + by + cz = d. [2]
(ii) Find the perpendicular distance from the origin to p. [3]

(iii) A second plane  is parallel to p and the perpendicular distance between p and ¢ is 14 units.
Find the possible equations of Q. [3]

© UCLES 2014 9709/31/M/J/14
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8 (i) By sketching each of the graphs Yy = cosec Xand Yy = X(7 — X) for O < X < 7, show that the equation
cosec X = X(7 — X)

has exactly two real roots in the interval 0 < X < 7. [3]

. . . . 1 +x*sinX
(ii) Show that the equation cosec X = X(m — X) can be written in the form X = —snx [2]
T sin

(iii) The two real roots of the equation cosec X = X(7 — X) in the interval 0 < X < 7 are denoted by «
and 3, where o < .

(@) Use the iterative formula
2 .
_ I + X, sinX,
! wsin X,

to find a correct to 2 decimal places. Give the result of each iteration to 4 decimal places.

[3]

(b) Deduce the value of § correct to 2 decimal places. [1]
, 4+ 12X+ X
9 (i) Express > in partial fractions. [5]
(3 =x)(1 +2x)
. 4+ 12X+ X
(i) Hence obtain the expansion of 5 in ascending powers of X, up to and including
(3 —=X)(1 +2x)
the term in X°. [5]
10
y
A
T
T3

T

The diagram shows the curve y = 10e72* sin 4x for X > 0. The stationary points are labelled T, T,,
T;, ... as shown.
(i) Find the X-coordinates of T, and T,, giving each X-coordinate correct to 3 decimal places. [6]

(i) Itis given that the X-coordinate of T is greater than 25. Find the least possible value of n.  [4]

© UCLES 2014 9709/31/M/J/14

PMT



PMT

4

BLANK PAGE

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every reasonable
effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the publisher will
be pleased to make amends at the earliest possible opportunity.

Cambridge International Examinations is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of University of Cambridge Local
Examinations Syndicate (UCLES), which is itself a department of the University of Cambridge.

© UCLES 2014 9709/31/M/J/14



¥, 998886¢261L %

e:Inloglelsls  Cambridge International Examinations
LICMENRYER  Cambridge International Advanced Level

A Level
MATHEMATICS 9709/32
Paper 3 Pure Mathematics 3 (P3) May/June 2014

1 hour 45 minutes

Additional Materials: Answer Booklet/Paper
Graph Paper
List of Formulae (MF9)

READ THESE INSTRUCTIONS FIRST

If you have been given an Answer Booklet, follow the instructions on the front cover of the Booklet.
Write your Centre number, candidate number and name on all the work you hand in.

Write in dark blue or black pen.

You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper clips, glue or correction fluid.

DO NOT WRITE IN ANY BARCODES.

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in
degrees, unless a different level of accuracy is specified in the question.

The use of an electronic calculator is expected, where appropriate.

You are reminded of the need for clear presentation in your answers.

At the end of the examination, fasten all your work securely together.

The number of marks is given in brackets [ ] at the end of each question or part question.

The total number of marks for this paper is 75.

Questions carrying smaller numbers of marks are printed earlier in the paper, and questions carrying larger
numbers of marks later in the paper.

This document consists of 4 printed pages.

JC14 06_9709_32/RP CAMBRIDGE

© UCLES 2014 5 International Examinations [Turn over

93

PMT



PMT

2

1 Find the set of values of X satisfying the inequality
|X+2a| > 3|x—al,

where a is a positive constant. (4]

2  Solve the equation
2In(5-e ) =1,

giving your answer correct to 3 significant figures. [4]

3 Solve the equation

cos(X+30°) = 2cos X,

giving all solutions in the interval —180° < X < 180°. [5]

4  The parametric equations of a curve are
X=1—-tant, Y =In(cost),

_1 1
for ST < t< ST

. d
(i) Show that d_){ = cott. [5]

(i) Hence find the X-coordinate of the point on the curve at which the gradient is equal to 2. Give
your answer correct to 3 significant figures. [2]

5 (i) The polynomial f(X) is of the form (X — 2)*g(X), where g(X) is another polynomial. Show that
(X—2) is a factor of f'(X). (2]

(ii) The polynomial X° + ax* + 3x> + bx*> + &, where a and b are constants, has a factor (X — 2)*.
Using the factor theorem and the result of part (i), or otherwise, find the values of aand b. [5]

© UCLES 2014 9709/32/M/J/14



In the diagram, A is a point on the circumference of a circle with centre O and radius r. A circular arc
with centre A meets the circumference at B and C. The angle OAB is equal to X radians. The shaded
region is bounded by AB, AC and the circular arc with centre A joining B and C. The perimeter of
the shaded region is equal to half the circumference of the circle.

6
()
(iM)
(iii)
7 (3
(b)

8

T
Show that X = cos™ : 3

ow tha cos <4+4X) [3]
Verify by calculation that X lies between 1 and 1.5. [2]
Use the iterative formula

X —cos_l( " )
n+l 4 +4x,

to determine the value of X correct to 2 decimal places. Give the result of each iteration to
4 decimal places. [3]

It is given that —1 + (v/5)i is a root of the equation z° + 2z + a = 0, where ais real. Showing your
working, find the value of a, and write down the other complex root of this equation. [4]

The complex number W has modulus 1 and argument 20 radians. Show that

-1
1 =itan 6. [4]

y
A
o) " P X
The diagram shows the curve y = Xcos %X forO< X< 7
(i) Find Y and show that 4% 1y + 4sin Ix = 0 (5]
ind — and show that 4— sin ;X = 0.

(i)

Find the exact value of the area of the region enclosed by this part of the curve and the X-axis.

[5]
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9  The population of a country at time t years is N millions. At any time, N is assumed to increase at a

dN
rate proportional to the product of N and (1 — 0.01N). Whent =0, N = 20 and i 0.32.

(i) Treating N and t as continuous variables, show that they satisfy the differential equation

dN
—~ = 0.02N(1 - 0.01N). [1]
dt
(ii) Solve the differential equation, obtaining an expression for t in terms of N. [8]
(iii) Find the time at which the population will be double its value att = 0. [1]

10 Referred to the origin O, the points A, B and C have position vectors given by

OA=i+2j+3k, OB=2i+4j+k and OC =3i+5j-3k.

(i) Find the exact value of the cosine of angle BAC. 4]
(ii) Hence find the exact value of the area of triangle ABC. [3]

(iii) Find the equation of the plane which is parallel to the y-axis and contains the line through B
and C. Give your answer in the form ax + by + ¢z = d. [5]
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Solve the equation log,,(X+ 9) = 2 + log,, X. [3]

-1
Expand (1 + 3X)* in ascending powers of X, up to and including the term in X°, simplifying the
coefficients. [4]

(i) Show that the equation
tan(X — 60°) + cot X = v/3

can be written in the form

2tan’X + (V3)tanx— 1 = 0. [3]

(i) Hence solve the equation
tan(X — 60°) + cotX = V3,

for 0° < X < 180°. [3]

The equation X =

has one positive real root, denoted by a.

o
(i) Show that « lies between X = 1 and X = 2. [2]

(i) Show that if a sequence of positive values given by the iterative formula

10
X0y = ;m(l + X—)

n
converges, then it converges to a. [2]
(iii) Use this iterative formula to determine « correct to 2 decimal places. Give the result of each

iteration to 4 decimal places. [3]

The variables X and 0 satisfy the differential equation

d_x =J(2X+ 1),

2cos’0— =
COS d9

and X =0 when 0 = ﬁn. Solve the differential equation and obtain an expression for X in terms of 6.

[7]
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The diagram shows the curve (X* + yz)2 = 2(X* — y*) and one of its maximum points M. Find the
coordinates of M. [7]

(&) The complex number I 4% is denoted by U. Showing your working, express U in the form
i

X + 1Y, where X and Y are real. [3]

(b) (i) On a sketch of an Argand diagram, shade the region whose points represent complex

numbers satisfying the inequalities |z—2 —i| < 1 and |z —i| < |z - 2]|. [4]
(if) Calculate the maximum value of arg z for points lying in the shaded region. [2]
6 + 6X
Let f(X) = ————-.
(2-X)(2+x%)
. A Bx+C
(i) Express f(X) in the form 7 x + T [4]
1
(i) Show that -[ f(X)dx=31In3. [5]
-1
y
A
M
P X
@) %n
2sinX

The diagram shows the curve y = e cosXfor 0 < X< %n, and its maximum point M.

(i) Using the substitution U = sin X, find the exact value of the area of the shaded region bounded by
the curve and the axes. [5]

(ii) Find the X-coordinate of M, giving your answer correct to 3 decimal places. [6]
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10 The line | has equation r =i + 2j — K + A(3i — 2j + 2k) and the plane p has equation 2X+ 3y — 5z = 18.
(i) Find the position vector of the point of intersection of | and p. [3]
(ii) Find the acute angle between | and p. 4]

iii) A second plane g is perpendicular to the plane p and contains the line |. Find the equation of q,
P g 1s perp P p q q
giving your answer in the form ax+ by + cz = d. [5]
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2X+1
3+

1  Use logarithms to solve the equation 2°% = , giving the answer correct to 3 significant figures.

[4]
2 Use the trapezium rule with three intervals to find an approximation to

3
L 3%~ 10] dx (4]

3 Show that, for small values of X?,
2
(1-2x)7 = (1+6X)° = k',

where the value of the constant K is to be determined. [6]

4  The equation of a curve is
Y =3cos2X+ 7sin X+ 2.

Find the X-coordinates of the stationary points in the interval 0 < X < n. Give each answer correct to
3 significant figures. [7]

5 (a) Find J(4+tan22x) dx. [3]

D=

i sin(X + én)

(b) Find the exact value of J [5]

: sin X

i

6  The straight line |, passes through the points (0, 1, 5) and (2, =2, 1). The straight line |, has equation
r="7+j+k+u(i +2j +5k).

(i) Show that the lines |, and |, are skew. [6]

(ii) Find the acute angle between the direction of the line |, and the direction of the X-axis. [3]

7  Given that y = 1 when X = 0, solve the differential equation

dy
—= =4X 1
Ix (3y* + 10y + 3),
obtaining an expression for Yy in terms of X. [9]

22 + 4i
8 The complex number W is defined by w = 2 .); .
—1i
(i) Without using a calculator, show that w =2 + 4i. [3]
(ii) Ttis given that pis a real number such that %n <arg(W+p) < %n. Find the set of possible values
of p. [3]

(iii) The complex conjugate of W is denoted by W*. The complex numbers W and W* are represented
in an Argand diagram by the points S and T respectively. Find, in the form |z — a| = Kk, the
equation of the circle passing through S T and the origin. [3]
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y
A
M
X
o) >
The diagram shows the curve y = X*¢* and its maximum point M.
(i) Show that the X-coordinate of M is 2. [3]
2
(ii) Find the exact value of -[ x?e* ™ dx. (6]
0
10
y
A
O > X
P

The diagram shows part of the curve with parametric equations

X =2In(t+2), y="1+2t+3.

(i) Find the gradient of the curve at the origin. [5]

(ii) At the point P on the curve, the value of the parameter is p. It is given that the gradient of the

curve at P is %

(@) Show thatp = [1]

o
3p* +2

(b) By firstusing an iterative formula based on the equation in part (@), determine the coordinates
of the point P. Give the result of each iteration to 5 decimal places and each coordinate of
P correct to 2 decimal places. [4]
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2

Use the trapezium rule with three intervals to estimate the value of

1

Jz In(1 + sin x) dx,
0

giving your answer correct to 2 decimal places. [3]

Using the substitution u = 4, solve the equation 4 + 4> = 42 giving your answer correct to
3 significant figures. [4]

A curve has equation y = cos x cos 2x. Find the x-coordinate of the stationary point on the curve in
the interval 0 < x < %n, giving your answer correct to 3 significant figures. [6]

(i) Express 3sin 0+ 2 cos 0 in the form R sin(6 + «), where R > 0 and 0° < a < 90°, stating the exact
value of R and giving the value of a correct to 2 decimal places. [3]

(ii) Hence solve the equation

3sin@+2cosf =1,

for 0° < 6 < 180°. [3]

O
B

The diagram shows a circle with centre O and radius r. The tangents to the circle at the points A and
B meet at 7', and the angle AOB is 2x radians. The shaded region is bounded by the tangents AT and
BT, and by the minor arc AB. The perimeter of the shaded region is equal to the circumference of the
circle.

(i) Show that x satisfies the equation

tanx = 7 — Xx. [3]

(if) This equation has one root in the interval 0 < x < %n Verify by calculation that this root lies
between 1 and 1.3. [2]

(iii) Use the iterative formula
-1
X,,, =tan (7 —x,)

to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [3]

© UCLES 2015 9709/32/M/J/15

PMT



3
1
6 Lets= | ¥ ax
2 —4/x
0
2 2
. . o 2(2-u)
(i) Using the substitution u = 2 — 4/x, show that [ = ——du. [4]
u
1
(ii) Hence show that I = 81n2 — 5. [4]

7  The complex number u is given by u = —1 + (4+/3)i.

(i) Without using a calculator and showing all your working, find the two square roots of u. Give
your answers in the form a + ib, where the real numbers a and b are exact. [5]

(i) On an Argand diagram, sketch the locus of points representing complex numbers z satisfying
the relation |z — u| = 1. Determine the greatest value of arg z for points on this locus. [4]

502 +x+6

8 Letf(x)= G202 d)

(i) Express f(x) in partial fractions. [5]

(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x°.

[5]

9  The number of organisms in a population at time # is denoted by x. Treating x as a continuous variable,
the differential equation satisfied by x and 7 is

dx xe !
dt  k+e'’

where k is a positive constant.

(i) Given that x = 10 when ¢ = 0, solve the differential equation, obtaining a relation between x, k

and 7. (6]
.. . 2
(ii) Given also that x =20 when f = 1, show thatk =1 — —. [2]
e
(iii) Show that the number of organisms never reaches 48, however large ¢ becomes. [2]

10 The points A and B have position vectors given by O—A) =2i-j+3kand ag) =1i+j+ 5k. The line /
has equationr =i+ j+ 2k + u(3i + j — k).

(i) Show that / does not intersect the line passing through A and B. [5]

(ii) Find the equation of the plane containing the line / and the point A. Give your answer in the
form ax + by +cz =d. [6]
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2
1  Solve the equation In(x +4) = 2Inx + In4, giving your answer correct to 3 significant figures. [4]
2 Solve the inequality |x — 2| > 2x — 3. [4]
3 Solve the equation cot2x + cotx = 3 for 0° < x < 180°. [6]

2x

4  The curve with equation y = has one stationary point. Find the exact values of the coordinates

4 +e*
of this point. [6]

5  The parametric equations of a curve are

X = acos*t, y= asin*t,

where a is a positive constant.
. dy .
(i) Express P in terms of ¢. [3]

(ii) Show that the equation of the tangent to the curve at the point with parameter 7 is

xsin’t + ycos’t = asin®t cos’t. [3]

(iii) Hence show that if the tangent meets the x-axis at P and the y-axis at Q, then
OP + OQ = a,
where O is the origin. [2]
a
6  Itis given that J xcosxdx =0.5, where0 < a < 1.

2
0

1.5—-cosa
p .

[4]

(i) Show that a satisfies the equation sina =

(ii) Verify by calculation that a is greater than 1. [2]

(iii) Use the iterative formula

1.5 —cosan)

a

— gin”!
an+1 = S1n (
n

to determine the value of a correct to 4 decimal places, giving the result of each iteration to
6 decimal places. [3]
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7  The number of micro-organisms in a population at time 7 is denoted by M. At any time the variation
in M is assumed to satisfy the differential equation

dmM
—— = k(¥M) cos(0.021),
dr
where £k is a constant and M is taken to be a continuous variable. It is given that when ¢ = 0, M = 100.
(i) Solve the differential equation, obtaining a relation between M, k and ¢. [5]
(ii) Given also that M = 196 when ¢ = 50, find the value of k. [2]
(iii) Obtain an expression for M in terms of ¢ and find the least possible number of micro-organisms.
(2]
8 The complex number 1 —1i is denoted by u.
(i) Showing your working and without using a calculator, express
i
u
in the form x + iy, where x and y are real. [2]

(i) On an Argand diagram, sketch the loci representing complex numbers z satisfying the equations
|z—u|=|z|and |z —i| = 2. [4]

(iii) Find the argument of each of the complex numbers represented by the points of intersection of
the two loci in part (ii). [3]

9 Two planes have equations x + 3y — 2z = 4 and 2x + y + 3z = 5. The planes intersect in the straight

line .

(i) Calculate the acute angle between the two planes. [4]
(ii) Find a vector equation for the line /. [6]

11x+7
10 Letf(x) = al 5 -
2x-1)(x+2)
(i) Express f(x) in partial fractions. [5]
2 1 9
(ii) Show that -[] f(x)dx = ; +1n(3). [5]
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(i) Solve the equation 2|x — 1| = 3|x|. [3]

(ii) Hence solve the equation 2|5* — 1] = 3|5%|, giving your answer correct to 3 significant figures.

[2]

1
Find the exact value of Jz xe > dx. [5]
0

By expressing the equation cosec 8 = 3sin 0 + cot 0 in terms of cos 6 only, solve the equation for
0° < 6 < 180°. [5]

The variables x and y satisfy the differential equation

dy 2
— =y(1 -2x7),
x2- = y(1-2¢)
and it is given that y = 2 when x = 1. Solve the differential equation and obtain an expression for y in
terms of x in a form not involving logarithms. [6]

The curve with equation y = sinx cos 2x has one stationary point in the interval 0 < x < %n Find the

x-coordinate of this point, giving your answer correct to 3 significant figures. [6]

(i) By sketching a suitable pair of graphs, show that the equation
S5 =y/x

has one root. [2]

(ii) Show that, if a sequence of values given by the iterative formula

25
1

= =Inl —
xn+1 2 n(x )

n

converges, then it converges to the root of the equation in part (i). [2]

(iii) Use this iterative formula, with initial value x; = 1, to calculate the root correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]

The equation of a curve is x° — 3x%y + y° = 3.

. dy x%*-2xy
(l) Show that a = W [4]
(if) Find the coordinates of the points on the curve where the tangent is parallel to the x-axis. [5]
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4x* + 12
8 Letf(x)= Lz
(x+1)(x=3)
(i) Express f(x) in partial fractions. [5]

(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.
[5]
9  With respect to the origin O, the points A, B, C, D have position vectors given by

— —> —_— —_—>
OA=i+3j+2k, OB=2i+j-k, OC=2i+4j+k, OD=-3i+j+2k

(i) Find the equation of the plane containing A, B and C, giving your answer in the form
ax+by+cz=d. [6]

(ii) The line through D parallel to OA meets the plane with equation x + 2y — z = 7 at the point P.
Find the position vector of P and show that the length of DP is 24/(14). [5]
10 (a) Showing all your working and without the use of a calculator, find the square roots of the complex

number 7 — (6v2)i. Give your answers in the form x + iy, where x and y are real and exact. [5]

(b) (i) On an Argand diagram, sketch the loci of points representing complex numbers w and z
such that [w — 1 —-2i|=1and arg(z—1) = %7‘[. [4]

(ii) Calculate the least value of |w — z| for points on these loci. [2]
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431 = 3(5%), giving your answer correct to 3 decimal places.

[4]

Use logarithms to solve the equation

1
Expand m in ascending powers of x, up to and including the term in X, simplifying the
- 2x
coeflicients. [4]
in
Find the exact value of J x? sin 2x dx. [5]
0
nx)?
The curve with equation y = has two stationary points. Find the exact values of the coordinates
of these points. [6]
(i) Prove the identity cos46 — 4 cos 26 = 8sin* 6 — 3. [4]

(ii) Hence solve the equation
cos40 =4cos20 + 3,

for 0° < 6 < 360°. (4]
The variables x and 0 satisfy the differential equation
dx
(3 + cos 29)£ = xsin 26,

and it is given that x = 3 when 0 = é—lln.

(i) Solve the differential equation and obtain an expression for x in terms of 6. [7]
(ii) State the least value taken by x. [1]
4* +7x + 4
Let f(x) = m
(i) Express f(x) in partial fractions. [5]
4
(ii) Show that Jo f(x)dx =8 —1In3. [5]
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The diagram shows the curve y = cosec x for O < x < 7 and part of the curve y = e™*. When x = q, the
tangents to the curves are parallel.

d
(i) By differentiating , show that if y = cosecx then ay = —Ccosecx cotx. [3]

sin x

(ii) By equating the gradients of the curves at x = a, show that

1 e’
a = tan . ) (2]
sina
(iii) Verify by calculation that a lies between 1 and 1.5. [2]

(iv) Use an iterative formula based on the equation in part (ii) to determine a correct to 3 decimal
places. Give the result of each iteration to 5 decimal places. [3]

9 The points A, B and C have position vectors, relative to the origin O, given by O—A> =1i+2j+ 3k,

OB = 4j +k and OC = 2i + 5j — k. A fourth point D is such that the quadrilateral ABCD is a
parallelogram.

(i) Find the position vector of D and verify that the parallelogram is a rhombus. [5]

(ii) The plane p is parallel to OA and the line BC lies in p. Find the equation of p, giving your answer
in the form ax + by + cz = d. [5]

10 (a) Showing all necessary working, solve the equation iz> + 2z — 3i = 0, giving your answers in the
form x + iy, where x and y are real and exact. [5]

(b) (i) On asketch of an Argand diagram, show the locus representing complex numbers satisfying
the equation |z| = |z — 4 - 3i|. [2]

(ii) Find the complex number represented by the point on the locus where |z| is least. Find the
modulus and argument of this complex number, giving the argument correct to 2 decimal
places. [3]
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Solve the inequality 2|x — 2| > [3x + 1]. (4]

The variables x and y satisfy the relation 3" = 427*,

(i) By taking logarithms, show that the graph of y against x is a straight line. State the exact value
of the gradient of this line. [3]

(if) Calculate the exact x-coordinate of the point of intersection of this line with the line with equation
y = 2x, simplifying your answer. [2]

(i) Express (v5)cosx + 2 sinx in the form R cos(x — o), where R > 0 and 0° < o < 90°, giving the
value of «a correct to 2 decimal places. [3]

(i) Hence solve the equation

(V5) cos %x + 2sin %x =1.2,

for 0° < x < 360°. [3]

The parametric equations of a curve are

X =1+ cost, y =1In(1 +sin?),

1 1
where —5T <t <5T.

d
(i) Show that ay =sect. [5]

(ii) Hence find the x-coordinates of the points on the curve at which the gradient is equal to 3. Give
your answers correct to 3 significant figures. [3]

The variables x and y satisfy the differential equation

dy

= e ¥ tan’x,
dx

forO<x< %7‘[, and it is given that y = 0 when x = 0. Solve the differential equation and calculate the

value of y when x = ;{ﬂ. [3]

2

The curve with equation y = x“ cos %x has a stationary point at x = p in the interval 0 < x < 7.

4
(i) Show that p satisfies the equation tan %p = 1_7 [3]
(if) Verify by calculation that p lies between 2 and 2.5. [2]

4

(iii) Use the iterative formula p, , =2 tan_l(—) to determine the value of p correct to 2 decimal
b,

places. Give the result of each iteration to 4 decimal places. [3]

© UCLES 2016 9709/33/M/J/16

PMT



3
1 5
7 Letl= | ———dx
o (1+x?)
S -1y
u p—
(i) Using the substitution u = 1 + x2, show that I = du. [3]
2u3

1

(ii) Hence find the exact value of 1. [5]

8 The points A and B have position vectors, relative to the origin O, given by 0_A> =i+j+kand
OB = 2i + 3k. The line [ has vector equation r = 2i — 2j — k + pu(—i + 2j + k).

(i) Show that the line passing through A and B does not intersect /. [4]

(ii) Show that the length of the perpendicular from A to / is [5]

1
V2’
9  Throughout this question the use of a calculator is not permitted.

The complex numbers —1 + 3i and 2 — i are denoted by u and v respectively. In an Argand diagram
with origin O, the points A, B and C represent the numbers u, v and u + v respectively.

(i) Sketch this diagram and state fully the geometrical relationship between OB and AC. [4]
(ii) Find, in the form x + iy, where x and y are real, the complex number % [3]
(iii) Prove that angle AOB = %7‘[. [2]
10x — 2x°
10 Letf(x) = —— =X

(x+3)(x-1)>
(i) Express f(x) in partial fractions. [5]

(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]

© UCLES 2016 9709/33/M/J/16

PMT



4

BLANK PAGE

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every reasonable
effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the publisher will
be pleased to make amends at the earliest possible opportunity.

To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced online in the Cambridge International
Examinations Copyright Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download at www.cie.org.uk after
the live examination series.

Cambridge International Examinations is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of University of Cambridge Local
Examinations Syndicate (UCLES), which is itself a department of the University of Cambridge.

© UCLES 2016 9709/33/M/J/16

PMT



¥*¥1 86261 28¢%«x

e:Inloilelslsl  Cambridge International Examinations
LICMENRYER  Cambridge International Advanced Level

A Level

CANDIDATE
NAME

CENTRE CANDIDATE
NUMBER NUMBER

MATHEMATICS 9709/31

Paper 3 Pure Mathematics 3 (P3) May/June 2017
1 hour 45 minutes

Candidates answer on the Question Paper.

Additional Materials: List of Formulae (MF9)

READ THESE INSTRUCTIONS FIRST

Write your Centre number, candidate number and name in the spaces at the top of this page.
Write in dark blue or black pen.

You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper clips, glue or correction fluid.

DO NOT WRITE IN ANY BARCODES.

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in
degrees, unless a different level of accuracy is specified in the question.

The use of an electronic calculator is expected, where appropriate.

You are reminded of the need for clear presentation in your answers.

At the end of the examination, fasten all your work securely together.
The number of marks is given in brackets [ ] at the end of each question or part question.
The total number of marks for this paper is 75.

This document consists of 19 printed pages and 1 blank page.

2 CAMBRIDGE

g International Examinations [Turn over

JC17 06_9709_31/RP
© UCLES 2017

PMT



PMT

1  Solve the inequality |2x + 1| < 3|x = 2]|. (4]
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1 . . . . R e
2  Expand m in ascending powers of x, up to and including the term in x°, simplifying the
coeflicients. [4]
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3 Itisgiventhatx =1In(1-y)—Iny, where 0 <y < 1.

—X

(i) Show thaty = 1 © —. [2]

+e
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4  The parametric equations of a curve are
x=1Incosf, y=360-tanb,

L.

whereO<9<§

d
(i) Express ay in terms of tan 6. [5]
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(ii) Find the exact y-coordinate of the point on the curve at which the gradient of the normal is equal
to 1. [3]
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xrad

(0]

The diagram shows a semicircle with centre O, radius r and diameter AB. The point P on its
circumference is such that the area of the minor segment on AP is equal to half the area of the minor
segment on BP. The angle AOP is x radians.

(i) Show that x satisfies the equation x = %(n + sinx). [3]
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(ii) Verify by calculation that x lies between 1 and 1.5. [2]

(iii) Use an iterative formula based on the equation in part (i) to determine x correct to 3 decimal
places. Give the result of each iteration to 5 decimal places. [3]
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6  The plane with equation 2x + 2y — z = 5 is denoted by m. Relative to the origin O, the points A and B
have coordinates (3, 4, 0) and (-1, 0, 2) respectively.

(i) Show that the plane m bisects AB at right angles. [5]
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A second plane p is parallel to m and nearer to O. The perpendicular distance between the planes is 1.

(ii) Find the equation of p, giving your answer in the form ax + by + cz = d. [3]
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7  Throughout this question the use of a calculator is not permitted.
The complex numbers u# and w are defined by u = -1 + 7i and w = 3 + 4i.
(i) Showing all your working, find in the form x + iy, where x and y are real, the complex numbers
u—2wand £ [4]
w

In an Argand diagram with origin O, the points A, B and C represent the complex numbers u, w and
u — 2w respectively.

(ii) Prove that angle AOB = %7‘[. (2]
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8 (i) By first expanding 2 sin(x — 30°), express 2 sin(x — 30°) — cos x in the form R sin(x — a), where

R > 0and 0° < a < 90°. Give the exact value of R and the value of o correct to 2 decimal places.

[5]
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(ii) Hence solve the equation
2sin(x — 30°) —cosx =1,

for 0° < x < 180°. [3]
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9 (i) Express in partial fractions. [2]
X

1
(2x+3)

(ii) The variables x and y satisfy the differential equation
dy
2x+3)— =y,
x(2x + 3) y

and it is given that y = 1 when x = 1. Solve the differential equation and calculate the value of y
when x = 9, giving your answer correct to 3 significant figures. [7]
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10

(0]

I

The diagram shows the curve y = sinx cos>2x for 0 < x < 47 and its maximum point M.

1
4

(i) Using the substitution u = cos x, find by integration the exact area of the shaded region bounded
by the curve and the x-axis. [6]
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(ii) Find the x-coordinate of M. Give your answer correct to 2 decimal places. [6]
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1  Solve the equation In(x? + 1) = 1 + 21In x, giving your answer correct to 3 significant figures. [3]
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2 Solve the inequality |x — 3| < 3x — 4. (4]
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3 (i) Express the equation cot @ — 2 tan 6 = sin 26 in the form a cos*6 + b cos?> 6 + ¢ = 0, where a, b
and c are constants to be determined. [3]
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(ii) Hence solve the equation cot 8 — 2 tan 8 = sin 260 for 90° < 6 < 180°. [2]

© UCLES 2017 9709/32/M/JIM7 [TllI'Il over



PMT

4  The parametric equations of a curve are

x=0r+1, y=4r+In(2r-1).

d
(i) Express ay in terms of 7. [3]
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(ii) Find the equation of the normal to the curve at the point where # = 1. Give your answer in the
form ax + by + ¢ = 0. [3]
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5 In a certain chemical process a substance A reacts with and reduces a substance B. The masses of A

d
and B at time ¢ after the start of the process are x and y respectively. It is given that d_)t) = —-0.2xy and

10
X = W At the beginning of the process y = 100.
+

(i) Form a differential equation in y and ¢, and solve this differential equation. [6]
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(ii) Find the exact value approached by the mass of B as # becomes large. State what happens to the
mass of A as t becomes large. [2]
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6  Throughout this question the use of a calculator is not permitted.
The complex number 2 — i is denoted by u.

(i) Tt is given that u is a root of the equation x> + ax® — 3x + b = 0, where the constants @ and b are
real. Find the values of a and b. [4]
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(ii) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
satisfying both the inequalities |z —u| < 1 and |z| < |z +i]. [4]
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7 (i) Prove thatif L then & ftan 0 2]
i) Prove thatif y= —— then — = sec Otan 6.
Y cos 0 de
.. . .. 1+sin6 ’
(ii) Prove the identity =2sec"0+2secOtan 6 — 1. [3]

1-sin@
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5x% —Tx+4

8 Lt = 5 2 +s)

(i) Express f(x) in partial fractions. [5]
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(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]
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—
9  Relative to the origin O, the point A has position vector given by OA =i+ 2j + 4k. The line [ has
equation r = 9i — j + 8k + u(3i — j + 2Kk).

(i) Find the position vector of the foot of the perpendicular from A to /. Hence find the position
vector of the reflection of A in /. [5]

© UCLES 2017 9709/32/M/JIM7



PMT

17

(ii) Find the equation of the plane through the origin which contains /. Give your answer in the form
ax+by+cz=d. [3]
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10

<

M
|
|
1
|
|
1

I

p

The diagram shows the curve y = x?

where x = p.

cos2x for 0 < x < %n. The curve has a maximum point at M

1
. . . 1 -1
(i) Show that p satisfies the equation p = 3 tan (1_7 ) [3]
e . . 1 -1 1 . .
(ii) Use the iterative formula p, , = 5tan™ ( — | to determine the value of p correct to 2 decimal
n
places. Give the result of each iteration to 4 decimal places. [3]
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(iii) Find, showing all necessary working, the exact area of the region bounded by the curve and the
X-axis. [5]
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. . cotx—tanx
1 Prove the identity ——— = cos 2x. [3]
cotx +tanx
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2 Expand (3 + 2x)~° in ascending powers of x up to and including the term in x?, simplifying the
coeflicients. [4]
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3 Using the substitution u = e*, solve the equation 4™ = 3e" + 4. Give your answer correct to 3 significant
figures. [4]

© UCLES 2017 9709/33/M/J1MT7



PMT

lﬂ«'
4  Find the exact value of Jz 0sin %OdO. (4]
0
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5 A curve has equation y = %ln(l +3cos?x) for 0 < x < %7:.

d
(i) Express ay in terms of tan x. [4]
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(ii) Hence find the x-coordinate of the point on the curve where the gradient is —1. Give your answer
correct to 3 significant figures. [2]
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6  The equation cotx = 1 —x has one root in the interval 0 < x < x, denoted by o.

(i) Show by calculation that « is greater than 2.5. [2]

(ii) Show that, if a sequence of values in the interval 0 < x < zm given by the iterative formula

1 .
X, =T+ tan™! ( l—) converges, then it converges to a. [2]
X

n
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(iii) Use this iterative formula to determine o correct to 3 decimal places. Give the result of each
iteration to 5 decimal places. [3]
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The diagram shows a sketch of the curve y = — for x > 0, and its minimum point M.
X

10
y
A
M
o
1

zx

(i) Find the x-coordinate of M.
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(ii) Use the trapezium rule with two intervals to estimate the value of

31
e2*
— dx,
X

1

giving your answer correct to 2 decimal places. [3]

(iii) The estimate found in part (ii) is denoted by E. Explain, without further calculation, whether
another estimate found using the trapezium rule with four intervals would be greater than E or
less than E. [1]
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8 In a certain chemical reaction, a compound A is formed from a compound B. The masses of A and
B at time ¢ after the start of the reaction are x and y respectively and the sum of the masses is equal
to 50 throughout the reaction. At any time the rate of increase of the mass of A is proportional to the
mass of B at that time.

dx
(i) Explain why rrie k(50 — x), where k is a constant. [1]

It is given that x = O when 7 = 0, and x = 25 when ¢ = 10.

(if) Solve the differential equation in part (i) and express x in terms of ¢. [8]
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3x2 -4

9 Letf(x)= 50———.
et %) xX*(Bx+2)

(i) Express f(x) in partial fractions. [5]
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2
(ii) Hence show that -[ f(x)dx = ln(%) - 1. [5]
I
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—
10 The points A and B have position vectors given by O—A) =i—-2j+2k and OB =3i+ j+ k. The line /
has equation r = 2i + j + mk + u(i — 2j — 4k), where m is a constant.

(i) Given that the line / intersects the line passing through A and B, find the value of m. [5]
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(ii) Find the equation of the plane which is parallel to i — 2j — 4k and contains the points A and B.
Give your answer in the form ax + by + cz = d. [5]
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11 Throughout this question the use of a calculator is not permitted.

(a) The complex numbers z and w satisfy the equations
z+(1+i))w=i and (1-1)z+iw=1.

Solve the equations for z and w, giving your answers in the form x + iy, where x and y are real.

[6]
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(b) The complex numbers u and v are given by u = 1 + (2v3)i and v = 3 + 2i. In an Argand diagram,
u and v are represented by the points A and B. A third point C lies in the first quadrant and is

such that BC = 2AB and angle ABC = 90°. Find the complex number z represented by C, giving
your answer in the form x + iy, where x and y are real and exact. [4]
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1 (i) Find the first three terms in the expansion, in ascending powers of x, of (1 — 2x)°. [2]

(i) Given that the coefficient of x° in the expansion of (1 + ax + 2x?)(1 — 2x)° is 12, find the value of
the constant a. [3]
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2 A point is moving along the curve y = 2x + — in such a way that the x-coordinate is increasing at a
X

constant rate of 0.02 units per second. Find the rate of change of the y-coordinate whenx = 1.  [4]

© UCLES 2018 9709/11/M/1/18



PMT

5
) dy 12 . . . .
3 Acurveis such that —— = ———— . The point (1, 1) lies on the curve. Find the coordinates of the
dx  (2x+1)
point at which the curve intersects the x-axis. [6]
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4 (i) Prove the identity (sin 6 + cos 6)(1 — sin 6 cos 6) = sin> 6 + cos> 6. [3]
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» X
0 C (8, 0)

The diagram shows a kite OABC in which AC is the line of symmetry. The coordinates of A and C
are (0, 4) and (8, 0) respectively and O is the origin.

(i) Find the equations of AC and OB. [4]
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(ii) Find, by calculation, the coordinates of B. [3]
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The diagram shows a circle with centre O and radius rcm. The points A and B lie on the circle and
AT is a tangent to the circle. Angle AOB = 0 radians and OBT is a straight line.

(i) Express the area of the shaded region in terms of r and 6. [3]
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(ii) In the case where r = 3 and 0 = 1.2, find the perimeter of the shaded region. [4]
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7  Relative to an origin O, the position vectors of the points A, B and C are given by

. 1 . -1 N 3
OA=|-3]|], OB= 3 and OC = 1].

2 5 -2

(i) Find AC. [1]
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(iii) Evaluate ITB)R and hence find angle BAC. [4]
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8 (a) A geometric progression has a second term of 12 and a sum to infinity of 54. Find the possible
values of the first term of the progression. [4]
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(b) The nth term of a progression is p + gn, where p and g are constants, and S, is the sum of the
first n terms.

(i) Find an expression, in terms of p, g and n, for S e [3]
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9  Functions f and g are defined for x € R by

f:x+—>%x—2,

lxz .

gix—4d+x—5

(i) Find the points of intersection of the graphs of y = f(x) and y = g(x). [3]
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(>iii) Find an expression for fg(x) and deduce the range of fg. [4]

The function h is defined by h: x —> 4 + x — %xz for x > k.

(iv) Find the smallest value of k for which h has an inverse. [2]
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10 The curve with equation y = x> — 2x? + 5x passes through the origin.

(i) Show that the curve has no stationary points. [3]

(ii) Denoting the gradient of the curve by m, find the stationary value of m and determine its nature.

[5]

© UCLES 2018 9709/11/M/1/18



PMT

19

(iii) Showing all necessary working, find the area of the region enclosed by the curve, the x-axis and
the line x = 6. [4]

© UCLES 2018 9709/11/M/J/18 [Turn over



PMT

20
Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every reasonable
effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the publisher will
be pleased to make amends at the earliest possible opportunity.

To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced online in the Cambridge International
Examinations Copyright Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download at www.cie.org.uk after
the live examination series.

Cambridge International Examinations is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of University of Cambridge Local
Examinations Syndicate (UCLES), which is itself a department of the University of Cambridge.

© UCLES 2018 9709/11/M/1/18



*%2.9000¢699 %

Cambridge International Examinations
et Cambridge International Advanced Subsidiary and Advanced Level
AS & A Level

Cambridge

CANDIDATE
NAME

CENTRE CANDIDATE
NUMBER NUMBER

MATHEMATICS 9709/12

Paper 1 Pure Mathematics 1 (P1) May/June 2018
1 hour 45 minutes

Candidates answer on the Question Paper.

Additional Materials: List of Formulae (MF9)

READ THESE INSTRUCTIONS FIRST

Write your Centre number, candidate number and name in the spaces at the top of this page.
Write in dark blue or black pen.

You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper clips, glue or correction fluid.

DO NOT WRITE IN ANY BARCODES.

Answer all the questions in the space provided. If additional space is required, you should use the lined page
at the end of this booklet. The question number(s) must be clearly shown.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in
degrees, unless a different level of accuracy is specified in the question.

The use of an electronic calculator is expected, where appropriate.

You are reminded of the need for clear presentation in your answers.

At the end of the examination, fasten all your work securely together.
The number of marks is given in brackets [ ] at the end of each question or part question.
The total number of marks for this paper is 75.

This document consists of 20 printed pages.

2 CAMBRIDGE

¥ International Examinations [Turn over

JC18 06_9709_12/2RP R
© UCLES 2018

PMT



PMT

2

6
1  The coefficient of x? in the expansion of (2 + g) + (a +x)° is 330. Find the value of the constant a.

[5]
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2 The equation of a curve is y = x> — 6x + k, where k is a constant.

(i) Find the set of values of k for which the whole of the curve lies above the x-axis. [2]
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3 A company producing salt from sea water changed to a new process. The amount of salt obtained
each week increased by 2% of the amount obtained in the preceding week. It is given that in the first
week after the change the company obtained 8000 kg of salt.

(i) Find the amount of salt obtained in the 12th week after the change. [3]
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4  The function f is such that f(x) = a + bcosx for 0 < x < 2x. It is given that f(%n) =5and f(x) = 11.

(i) Find the values of the constants a and b. [3]
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The diagram shows a three-dimensional shape. The base OAB is a horizontal triangle in which
angle AOB is 90°. The side OBCD is a rectangle and the side OAD lies in a vertical plane. Unit
vectors i and j are parallel to OA and OB respectively and the unit vector K is vertical. The position

. H . H . _—% .
vectors of A, B and D are given by OA = 8i, OB = 5j and OD = 2i + 4k.

— —
(i) Express each of the vectors DA and CA in terms of i, j and k. [2]
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(ii) Use a scalar product to find angle CAD. (4]
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A

The diagram shows points A and B on a circle with centre O and radius r. The tangents to the circle
at A and B meet at 7. The shaded region is bounded by the minor arc AB and the lines AT and BT.
Angle AOB is 20 radians.

(i) In the case where the area of the sector AOB is the same as the area of the shaded region, show
that tan 6 = 26. [3]
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(ii) In the case where r = 8 cm and the length of the minor arc AB is 19.2 cm, find the area of the
shaded region. [3]

© UCLES 2018 9709/12/M/J/18 [Turn over



PMT

10
7  The function f is defined by f : x — 7 — 2x*> — 12x for x € R.

(i) Express 7 — 2x? — 12x in the form a — 2(x + b)z, where a and b are constants. [2]
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The function g is defined by g : x — 7 — 2x?> — 12x for x > k.
(iii) State the smallest value of k for which g has an inverse. [1]
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8 Points A and B have coordinates (%, h) and (4h + 6, S5h) respectively. The equation of the perpendicular
bisector of AB is 3x + 2y = k. Find the values of the constants / and k. [7]
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d
9 A curve is such that ay =4/(4x+ 1) and (2, 5) is a point on the curve.

(i) Find the equation of the curve. [4]
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(ii) A point P moves along the curve in such a way that the y-coordinate is increasing at a constant
rate of 0.06 units per second. Find the rate of change of the x-coordinate when P passes through

(2, 5). (2]
dzy
(iii) Show that @ X — 1s constant. [2]
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10 (i) Solve the equation 2 cos x + 3 sinx = 0, for 0° < x < 360°. [3]
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(ii) Sketch, on the same diagram, the graphs of y = 2cosx and y = -3 sinx for 0° < x < 360°.  [3]

(iii) Use your answers to parts (i) and (ii) to find the set of values of x for 0° < x < 360° for which
2cosx+ 3sinx > 0. [2]
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y
A x
y=5+-
P Q y=4
0 Ll x
. x 6 ) ) .
The diagram shows part of the curve y = 5 + —. The line y = 4 intersects the curve at the points P
X
and Q.
(i) Show that the tangents to the curve at P and Q meet at a point on the line y = x. [6]
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(ii) Find, showing all necessary working, the volume obtained when the shaded region is rotated
through 360° about the x-axis. Give your answer in terms of 7. [6]
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1  Express 3x2 — 12x + 7 in the form a(x + b)2 + ¢, where a, b and ¢ are constants. [3]
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1 2)\°
2 Find the coefficient of — in the expansion of (x - —) . [3]
X X
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3  The common ratio of a geometric progression is 0.99. Express the sum of the first 100 terms as a
percentage of the sum to infinity, giving your answer correct to 2 significant figures. [5]
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4 A curve with equation y = f(x) passes through the point A (3, 1) and crosses the y-axis at B. Itis given
-1
that f'(x) = (3x — 1) 3. Find the y-coordinate of B. [6]
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(0 C B

The diagram shows a triangle OAB in which angle OAB = 90° and OA = 5cm. The arc AC is part
of a circle with centre O. The arc has length 6 cm and it meets OB at C. Find the area of the shaded
region. [5]
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6  The coordinates of points A and B are (—3k — 1, k + 3) and (k + 3, 3k + 5) respectively, where k is a
constant (k # —1).

(i) Find and simplify the gradient of AB, showing that it is independent of &. [2]
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an0— 1

t
7 (a) (i) Express a2 o in the form asin® 6 + b, where a and b are constants to be found. [3]
an

(ii) Hence, or otherwise, and showing all necessary working, solve the equation

tanZ6 — 1 B 1

tan20+1 4
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(b)
y
A
A y =sinx
o » X
—7T T
B y=2cosx

The diagram shows the graphs of y = sinx and y = 2 cosx for —7 < x < #. The graphs intersect
at the points A and B.

(i) Find the x-coordinate of A. [2]

© UCLES 2018 9709/13/M/J/18 [Turn over



PMT

12

8 (i) The tangent to the curve y = x> — 9x? + 24x — 12 at a point A is parallel to the line y = 2 — 3x.
Find the equation of the tangent at A. [6]
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(i) The function f is defined by f(x) = x> — 9x + 24x — 12 for x > k, where k is a constant. Find the
smallest value of k for f to be an increasing function. [2]
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The diagram shows a pyramid OABCD with a horizontal rectangular base OABC. The sides OA and
AB have lengths of 8 units and 6 units respectively. The point £ on OB is such that OF = 2 units.

The point D of the pyramid is 7 units vertically above E. Unit vectors i, j and k are parallel to OA,
OC and ED respectively.

(i) Show that OF = 1.6i + 1.2j.
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10 The one-one function f is defined by f(x) = (x — 2)? + 2 for x > ¢, where ¢ is a constant.

(i) State the smallest possible value of c. [1]

In parts (ii) and (iii) the value of c is 4.

(ii) Find an expression for f~!(x) and state the domain of f~!. [3]
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(iii) Solve the equation ff(x) = 51, giving your answer in the form a + vb. [5]
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y
A
y= (x+1)2+(x+1)_1
x=1
A
0 1 » X

The diagram shows part of the curve y = (x + 1)? + (x + 1)~! and the line x = 1. The point A is the
minimum point on the curve.

(i) Show that the x-coordinate of A satisfies the equation 2(x + 1)* = 1 and find the exact value of

2

d
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(ii) Find, showing all necessary working, the volume obtained when the shaded region is rotated
through 360° about the x-axis. [6]
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1  Use the trapezium rule with 3 intervals to estimate the value of

3
J 2% — 4|dx. 3]
0
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2 Showing all necessary working, solve the equation In(2x — 3) = 2Inx — In(x — 1). Give your answer
correct to 2 decimal places. [4]
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3 Find the gradient of the curve x° + 3xy> — y> = 1 at the point with coordinates (1, 3). [4]

© UCLES 2019 9709/31/M/J/19



PMT

5

4 By first expressing the equation cot 8 — cot(0 + 45°) = 3 as a quadratic equation in tan 6, solve the
equation for 0° < 6 < 180°. [6]
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5 (i) Differentiate with respect to 6. [2]

(i) The variables x and 0 satisfy the differential equation
dx
Xtan 9@ +cosec’ 0 = 0,

for 0 < 0 < %7‘[ and x > 0. It is given that x = 4 when 0 = %7‘[. Solve the differential equation,

obtaining an expression for x in terms of 6. [6]
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6 (i) By first expanding sin(2x + x), show that sin 3x = 3 sinx — 4 sin> x. [4]
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1y
(i) Hence, showing all necessary working, find the exact value of J'2 sin’ x dx. [4]
0
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7
y
A
i
1 |
(0] a 4 >
1
The diagram shows the curves y = 4 cos %x and y = 1—x for O < x < 4. When x = a, the tangents to
-X
the curves are perpendicular.
(i) Show that a =4 —/(2sin 1a). [4]
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(ii) Verify by calculation that a lies between 2 and 3. [2]

(iii) Use an iterative formula based on the equation in part (i) to determine a correct to 3 decimal
places. Give the result of each iteration to 5 decimal places. [3]
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16 —17x

8 Let f(X) = m

(i) Express f(x) in partial fractions. [5]
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(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]
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A X

The diagram shows a set of rectangular axes Ox, Oy and Oz, and four points A, B, C and D with
., . H . H . . —9 . . _—% 3 .
position vectors OA = 3i, OB = 3i+4j, OC =i+ 3jand OD = 2i + 3j + 5k.

(i) Find the equation of the plane BCD, giving your answer in the form ax + by + cz = d. [6]
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(ii) Calculate the acute angle between the planes BCD and OABC. (4]
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10 Throughout this question the use of a calculator is not permitted.
The complex number (v3) + 1 is denoted by u.

(i) Express u in the form re', where > 0 and — < 6 < 7, giving the exact values of r and 6. Hence
or otherwise state the exact values of the modulus and argument of u®. [5]
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(ii) Verify that u is a root of the equation z* — 8z + 8y3 = 0 and state the other complex root of this
equation. [3]

(iii) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
satisfying the inequalities |z — u| < 2 and Im z > 2, where Im z denotes the imaginary part of z.

[5]
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1
1  Find the coefficient of x* in the expansion of (3 — x)(1 + 3x)? in ascending powers of x. [4]
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2 Showing all necessary working, solve the equation 9* = 3* + 12. Give your answer correct to 2 decimal
places. (4]
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3  Showing all necessary working, solve the equation cot26 = 2 tan 6 for 0° < 6 < 180°. [5]
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4  Find the exact coordinates of the point on the curve y = at which the gradient of the tangent

+Inx
is equal to %. [7]
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5 Throughout this question the use of a calculator is not permitted.

It is given that the complex number —1 + (v/3)i is a root of the equation
kx* +5x* +10x +4 =0,

where k is a real constant.

(i) Write down another root of the equation. [1]
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I
(0

In the diagram, A is the mid-point of the semicircle with centre O and radius r. A circular arc with
centre A meets the semicircle at B and C. The angle OAB is equal to x radians. The area of the shaded
region bounded by AB, AC and the arc with centre A is equal to half the area of the semicircle.

(i) Use triangle OAB to show that AB = 2r cos x. [1]
(ii) Hence show that x = cos™ \/ ( i) [2]
16x
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(iii) Verify by calculation that x lies between 1 and 1.5. [2]

(iv) Use an iterative formula based on the equation in part (ii) to determine x correct to 3 decimal
places. Give the result of each iteration to 5 decimal places. [3]
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) ) ) ) . dy Ay re
7  The variables x and y satisfy the differential equation ol xe*™. Tt is given that y = 0 when x = 0.

(i) Solve the differential equation, obtaining y in terms of x. [7]
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10x+9

8 Letf(x)= (2x+ 1)(2x +3)%

(i) Express f(x) in partial fractions. [5]
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1
(ii) Hence show that -[ f(x)dx = %ln% +1 [5]
0
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9  The points A and B have position vectors i + 2j — k and 3i + j + k respectively. The line / has equation
r=2i+j+k+u(i+j+2k).

(i) Show that / does not intersect the line passing through A and B. [5]
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(ii) The plane m is perpendicular to AB and passes through the mid-point of AB. The plane m
intersects the line / at the point P. Find the equation of m and the position vector of P. [5]
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10

The diagram shows the curve y = sin3xcosx for 0 < x < %n and its minimum point M. The shaded
region R is bounded by the curve and the x-axis.

(i) By expanding sin(3x + x) and sin(3x — x) show that

sin3xcosx = %(sin 4x + sin 2x). [3]

(ii) Using the result of part (i) and showing all necessary working, find the exact area of the region R.

[4]
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d
(iii) Using the result of part (i), express ay in terms of cos 2x and hence find the x-coordinate of M,

giving your answer correct to 2 decimal places. [5]
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1  Use logarithms to solve the equation 5°~2* = 4(7%), giving your answer correct to 3 decimal places.

[4]
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2 Show that J x% cos 2xdx = 35(n* - 8). [5]
0

Bl—
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1 —-cos260 +sin20

Let f(0) = .
3 et £(6) 1 +cos20 +sin20

(i) Show that f(0) = tan 6. (3]
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T
(ii) Hence show that J £(9)do = %ln % (4]

1
ru
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) ) 1+e™
4  The equation of acurve is y = T for x > 0.
—-e
. dy . .
(i) Show that P is always negative. [3]
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(ii) The gradient of the curve is equal to —1 when x = a. Show that a satisfies the equation
e2? —4e% + 1 = 0. Hence find the exact value of a. [4]
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5  The variables x and y satisfy the differential equation
dy 2
+1)y— =y"+5.
(ct+ Dy =y

It is given that y = 2 when x = 0. Solve the differential equation obtaining an expression for y* in
terms of x. [7]
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! i

The diagram shows the curve y = x* — 2x® — 7x — 6. The curve intersects the x-axis at the points (a, 0)
and (b, 0), where a < b. It is given that b is an integer.

(i) Find the value of b. [1]
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(iii) Use an iterative formula based on the equation in part (ii) to determine a correct to 3 decimal
places. Give the result of each iteration to 5 decimal places. [3]
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7 Thecurvey= sin(x + %7‘[) cos x has two stationary points in the interval 0 < x < 7.
., dy
i) Find —. 2
(i) Find -~ (2]

(ii) By considering the formula for cos(A + B), show that, at the stationary points on the curve,

cos(2x + %7:) =0. [2]
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(iii) Hence find the exact x-coordinates of the stationary points. [3]
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8 Throughout this question the use of a calculator is not permitted.

The complex number u is defined by
B 4i
1= (V3)i

u

(i) Express u in the form x + iy, where x and y are real and exact. [3]
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(ii) Find the exact modulus and argument of u. [2]

(iii) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
satisfying the inequalities |z| < 2 and |z — u| < |z|. [4]
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2x(5 -x)

9 Let f(X) = m

(i) Express f(x) in partial fractions. [5]
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(ii) Hence obtain the expansion of f(x) in ascending powers of x up to and including the term in x°.
[5]
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10 The line / has equation r = i + 2j + 3k + u(2i — j — 2k).

(i) The point P has position vector 4i + 2j — 3k. Find the length of the perpendicular from P to /.
[5]
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(ii) Itis given that / lies in the plane with equation ax + by + 2z = 13, where a and b are constants.
Find the values of a and b. [6]
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1  Solve the equation In(x> + 4) = 2Inx + In 4, giving your answer in an exact form. [3]
2 Express the equation tan( + 45°) — 2 tan(6 — 45°) = 4 as a quadratic equation in tan 8. Hence solve
this equation for 0° < 0 < 180°. [6]
3 The equation x° — 3x> + x> — 4 = 0 has one positive root.

(i) Verify by calculation that this root lies between 1 and 2. [2]

(ii) Show that the equation can be rearranged in the form
4
x=\3/(3x+—2—1). [1]
X

(iii) Use an iterative formula based on this rearrangement to determine the positive root correct to
2 decimal places. Give the result of each iteration to 4 decimal places. [3]

4  The polynomial 4x> + ax + 2, where a is a constant, is denoted by p(x). It is given that (2x + 1) is a
factor of p(x).
(i) Find the value of a. [2]

(ii) When a has this value,

(a) factorise p(x), [2]
(b) solve the inequality p(x) > O, justifying your answer. [3]
"o
5 Letl= — dx.
o (3+x%)

1

6

(i) Using the substitution x = (v3) tan 6, show that I = v/3 J cos? 0de. [3]

0

(ii) Hence find the exact value of /. (4]

6 A curve has equation

sinylnx =x—-2siny,

for —%n <y< %n.
. dy .
(i) Find e in terms of x and y. [5]

(i) Hence find the exact x-coordinate of the point on the curve at which the tangent is parallel to the
X-axis. [3]
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7  The variables x and y satisfy the differential equation

dy = xe™,
and it is given that y = 0 when x = 0.
(i) Solve the differential equation and obtain an expression for y in terms of x. [7]1
(ii) Explain briefly why x can only take values less than 1. [1]

1 2 2
8 The line [/ has equation r = ( 2 ) + JL( 1 ) The plane p has equation r. ( -1 ) =6.

-1 3 -1
(i) Show that / is parallel to p. [3]
(ii) A line m lies in the plane p and is perpendicular to /. The line m passes through the point with
coordinates (5, 3, 1). Find a vector equation for m. [6]
3x7 +6x—8
9 Letf(x)= >
x(x“+2)
B Cx+D
(i) Express f(x) in the form A + — + )2C . [5]
X x +2
2
(ii) Show that J f(x)dx =3 - In4. [5]
1

10 (a) Find the complex number z satisfying the equation z* + 1 = 2iz, where z* denotes the complex
conjugate of z. Give your answer in the form x + iy, where x and y are real. [5]

(b) (i) On a sketch of an Argand diagram, shade the region whose points represent complex
numbers satisfying the inequalities |z + 1 — 3i| < 1 and Im z > 3, where Im z denotes the
imaginary part of z. [4]

(ii) Determine the difference between the greatest and least values of arg z for points lying in
this region. [2]
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1  Solve the equation ln(l + 2% ) = 2, giving your answer correct to 3 decimal places. [3]
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2 Solve the inequality [x — 4| < 2|3x + 1|. [4]
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-1

3 (i) By sketching suitable graphs, show that the equation e 2* = 4 — x? has one positive root and one

negative root. [2]

(ii) Verify by calculation that the negative root lies between —1 and —1.5. [2]
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1 .
(iii) Use the iterative formulax,  , = —\/ (4 —-e 2x") to determine this root correct to 2 decimal places.
Give the result of each iteration to 4 decimal places. [3]
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4 (i) Express 8 cos 0 — 155sin 0 in the form R cos(0 + o), where R > 0 and 0° < o < 90°, stating the
exact value of R and giving the value of a correct to 2 decimal places. [3]
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(ii) Hence solve the equation
8cos2x —15sin2x =4,

for 0° < x < 180°. (4]
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5  The curve with equation y = e™*" tan x, where a is a positive constant, has only one point in the interval
O<x< %7‘[ at which the tangent is parallel to the x-axis. Find the value of a and state the exact value
of the x-coordinate of this point. [7]
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6  The line / has equation r =i + 2j — 3k + A(2i — j + k). The plane p has equation 3x +y — 5z = 20.

(i) Show that the line / lies in the plane p. [3]
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(ii) A second plane is parallel to /, perpendicular to p and contains the point with position vector
3i — j + 2k. Find the equation of this plane, giving your answer in the form ax + by +cz=d. [5]
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A water tank has vertical sides and a horizontal rectangular base, as shown in the diagram. The area
of the base is 2m?. At time ¢ = O the tank is empty and water begins to flow into it at a rate of 1 m>
per hour. At the same time water begins to flow out from the base at a rate of 0.2y/Am? per hour,
where 4 m is the depth of water in the tank at time ¢ hours.

(i) Form a differential equation satisfied by A& and ¢, and show that the time 7" hours taken for the
depth of water to reach 4 m is given by

4
10
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(ii) Using the substitution u = 5 — /A, find the value of 7. [6]
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8 Throughout this question the use of a calculator is not permitted.
The polynomial z* + 3z + 6z + 10 is denoted by p(z). The complex number —1 + i is denoted by .

(i) Showing all your working, verify that u is a root of the equation p(z) = 0. [3]
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x(6 —Xx)

9 Let f(X) = m

(i) Express f(x) in partial fractions. [5]
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(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]
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10

o

The diagram shows the curve y = (Inx)?. The x-coordinate of the point P is equal to e, and the normal
to the curve at P meets the x-axis at Q.

(i) Find the x-coordinate of Q. (4]
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(iii) Using integration by parts, or otherwise, find the exact value of the area of the shaded region
between the curve, the x-axis and the normal PQ. [5]
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1 (i) Show that the equation log,,(x —4) = 2 —log,, x can be written as a quadratic equation in x. [3]

(ii) Hence solve the equation log,,(x —4) = 2 — log,, x, giving your answer correct to 3 significant
figures. [2]
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2 The sequence of values given by the iterative formula

6
. = 2x,) +12x,
30 +8
with initial value x, = 2, converges to a.

(i) Use the formula to calculate o correct to 4 decimal places. Give the result of each iteration to
6 decimal places. [3]
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3 (i) Given that sin(6 + 45°) + 2 cos(6 + 60°) = 3 cos 6, find the exact value of tan 6 in a form involving
surds. You need not simplify your answer. [4]
(ii) Hence solve the equation sin(6 + 45°) + 2 cos(0 + 60°) = 3 cos 6 for 0° < 6 < 360°. [2]

© UCLES 2019 9709/32/F/M/19 [Turn over



PMT

4

3
4  Show that J x 2lnxdx =2 -In4. [5]

1
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1

S The variables x and y satisfy the relation siny = tanx, where —37 <y < %7‘[. Show that

dy 1

dx  cosxy/(cos2x) [5]
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6  The variables x and y satisfy the differential equation

Q — ky3e—x

dx
where k is a constant. It is given that y = 1 when x = 0, and that y = /e when x = 1. Solve the
differential equation, obtaining an expression for y in terms of x. [7]

© UCLES 2019 9709/32/F/M/19



PMT

© UCLES 2019 9709/32/F/M/19 [Turn over



PMT

10

7 (a) Showing all working and without using a calculator, solve the equation
(1+1)z22 - (4+3)z+5+i=0.

Give your answers in the form x + iy, where x and y are real. [6]
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(b) The complex number u is given by
u=-1-1i

On a sketch of an Argand diagram show the point representing u. Shade the region whose points
represent complex numbers satisfying the inequalities |z| < |z — 2i| and %n <arg(z—u) < %n.

[4]
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12 + 12x — 4x?

8 Let f(X) = m

(i) Express f(x) in partial fractions. [5]
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(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]
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9  Two planes have equations 2x + 3y —z=1and x -2y + z = 3.

(i) Find the acute angle between the planes. [4]
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(ii) Find a vector equation for the line of intersection of the planes. [6]
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10
y
A
M
» X
o i
The diagram shows the curve y = sin®x y/(cos x) for 0 < x < %n, and its maximum point M.

(i) Using the substitution u = cos x, find by integration the exact area of the shaded region bounded
by the curve and the x-axis. [6]
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(ii) Showing all your working, find the x-coordinate of M, giving your answer correct to 3 decimal
places. [6]

© UCLES 2019 9709/32/F/M/19



PMT

18
Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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Solve the inequality |9 — 2x| < 1.

2

Find the exact value of J‘ xInxdx.
1

(i) Show that the equation
log, ,(x+5) =2~ log,,x

may be written as a quadratic equation in x.

(ii) Hence find the value of x satisfying the equation

log,,(x +5) =2 — log,, x.

The curve y = €* + 4e~ > has one stationary point.
(i) Find the x-coordinate of this point.

(ii) Determine whether the stationary point is a maximum or a minimum point.

(3]

[4]

[3]

[2]

[4]
[2]

(i) Express 4sin 6 — 3 cos 0 in the form Rsin(@ — o), where R > 0 and 0° < o < 90°, stating the

value of ¢ correct to 2 decimal places.
Hence

(ii) solve the equation
4sin@ —3cos 6 =2,
giving all values of 6 such that 0° < 8 < 360°,

1
4sin@ —3cosB+6

(iii) write down the greatest value of

6+ 7x

Let f(x) = m

(i) Express f(x) in partial fractions.
(ii) Show that, when x is sufficiently small for x* and higher powers to be neglected,

f(x)=3+5x— %xz - 14—5x3.

9709/3/0/N/02

[3]

[4]

[1]

[4]

(5]
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B

The diagram shows a curved rod AB of length 100 cm which forms an arc of a circle. The end points
A and B of the rod are 99 cm apart. The circle has radius rcm and the arc AB subtends an angle of
20 radians at O, the centre of the circle.

(i) Show that ¢ satisfies the equation f55x = sin.x. [3]

(i) Given that this equation has exactly one root in the interval 0 < x < %n‘, verify by calculation
that this root lies between 0.1 and 0.5. [2]

(iii) Show that if the sequence of values given by the iterative formula
X, =50sinx, —48.5x,
converges, then it converges to a root of the equation in part (i). [2]

(iv) Use this iterative formula, with initial value x; = 0.25, to find o correct to 3 decimal places,
showing the result of each iteration. [2]
(a) Find the two square roots of the complex number —3 -+ 4i, giving your answers in the form

Xx + iy, where x and y are real. [5]

(b) The complex number z is given by

. —-1+4+3i
o240
(i) Express z in the form x + iy, where x and y are real. 2]

(i) Show on a sketch of an Argand diagram, with origin O, the points A, B and C representing
the complex numbers —1 + 3i, 2 + i and z respectively. [1]

(iii) State an equation relating the lengths OA, OB and OC. [1]
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4

In an experiment to study the spread of a soil disease, an area of 10m? of soil was exposed to
infection. In a simple model, it is assumed that the infected area grows at a rate which is proportional
to the product of the infected area and the uninfected area. Initially, 5 m? was infected and the rate of
growth of the infected area was 0.1 m? per day. At time ¢ days after the start of the experiment, an

area am? is infected and an area (10 — a) m? is uninfected.

d
(i) Show that a% — 0.004a(10 — a). [2]
(ii) By first expressing «10—a) in partial fractions, solve this differential equation, obtaining an
expression for ¢ in terms of a. [6]
(iii) Find the time taken for 90% of the soil area to become infected, according to this model. [2]

With respect to the origin O, the points A, B, C, D have position vectors given by

— — — —_—
OA =4i+k, OB=5i-2j—2k, OC=i+j, OD=—i-4k.

(i) Calculate the acute angle between the lines AB and CD. 4]
(ii) Prove that the lines AB and CD intersect. [4]

(iii) The point P has position vector i + 5j + 6k. Show that the perpendicular distance from P to the
line AB is equal to /3. [4]
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1  Solve the inequality [2* - 8| < 5. (4]

2 Expand (2 + x%)72 in ascending powers of x, up to and including the term in x*, simplifying the
coefficients. [4]

3  Solve the equation
cos 0 +3cos20 =2,

giving all solutions in the interval 0° < 6 < 180°. [5]

4  The equation of a curve is
Vx+Vy=+a,

where a is a positive constant.
. dy .
(i) Express P in terms of x and y. [3]

(ii) The straight line with equation y = x intersects the curve at the point P. Find the equation of the
tangent to the curve at P. [3]

5 (i) By sketching suitable graphs, show that the equation
secx=3-x°

has exactly one root in the interval 0 < x < %n. [2]

(ii) Show that, if a sequence of values given by the iterative formula

-1
X = COS (
n+l1

3-x2 )
n
converges, then it converges to a root of the equation given in part (i). [2]

(iii) Use this iterative formula, with initial value x, = 1, to determine the root in the interval 0 < x < %n

1
correct to 2 decimal places, showing the result of each iteration. [3]
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The diagram shows the curve y = (3 — x)e ?* and its minimum point M. The curve intersects the
x-axis at A and the y-axis at B.

(i) Calculate the x-coordinate of M. (4]

(ii) Find the area of the region bounded by OA, OB and the curve, giving your answer in terms of e.

[5]

7+ 4i
The complex number u« is given by u = 3 2%.
-2i
(i) Express u in the form x + iy, where x and y are real. [3]

(ii) Sketch an Argand diagram showing the point representing the complex number u. Show on the

same diagram the locus of the complex number z such that |z - u| =2. [3]
(iii) Find the greatest value of arg z for points on this locus. [3]
3
—x-2
Let f(x) r oo

TENTEEN

(i) Express f(x) in the form

where A, B, C and D are constants. [5]

3
(ii) Hence show that J. f(x)dx = 1. (4]
2
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Compressed air is escaping from a container. The pressure of the air in the container at time 7 is P,
and the constant atmospheric pressure of the air outside the container is A. The rate of decrease of
P is proportional to the square root of the pressure difference (P — A). Thus the differential equation
connecting P and ¢ is

)
where k is a positive constant.
(i) Find, in any form, the general solution of this differential equation. [3]
(i) Given that P = 5A when 7 = 0, and that P = 2A when ¢ = 2, show that k = v/ A. [4]
(iii) Find the value of r when P = A. [2]
(iv) Obtain an expression for P in terms of A and t. [2]

The lines [ and m have vector equations
r=i-2k+s(2i+j+3Kk) and r=6i—5j+4k +t(i—2j + k)
respectively.

(i) Show that / and m intersect, and find the position vector of their point of intersection. [5]

(ii) Find the equation of the plane containing / and m, giving your answer in the form ax + by + cz =d.

[6]
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1 Expand ﬁ in ascending powers of X, up to and including the term in X2, simplifying the

coefficients. [4]

2  Solvetheequation
IN(1+X) =1+InXx,

giving your answer correct to 2 significant figures. [4]

3 Thepolynomial 2x3 + ax? — 4 is denoted by p(x). It is given that (x — 2) isafactor of p(x).
(i) Find the value of a. [2]
When a has this value,

(i) factorise p(x), [2]
(iii) solvetheinequality p(x) > O, justifying your answer. [2]

4 (i) Show that the equation
tan(45° + x) = 2tan(45° - X)

can be written in the form

tan’x — 6tanx+ 1 = 0. [4]
(ii) Hence solve the equation tan(45° + xX) = 2tan(45° — x), for 0° < X < 90°. [3]
5
B
-
044 C A
N

The diagram shows a sector OAB of acircle with centre O and radiusr. The angle AOB is o radians,
where 0 < o < %n The point N on OA is such that BN is perpendicular to OA. The area of the
triangle ONB is half the area of the sector OAB.

(i) Show that o satisfies the equation sSin2x = X. [3]

(ii) By sketching asuitable pair of graphs, show that this equation has exactly one root in the interval
0<X<3m. [2]

(iii) Usetheiterative formula
Xn+1 = Sir"(2)(n)’

withinitial valuex; = 1, tofind o correct to 2 decimal places, showing the result of eachiiteration.

(3]
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The complex numbers 1 + 3i and 4 + 2i are denoted by u and v respectively.

(i) Find, intheform x + iy, where x and y are real, the complex numbersu - v and \—Lj [3]

(ii) State the argument of \—lj [1]

In an Argand diagram, with origin O, the points A, B and C represent the numbers u, vand u-v
respectively.

(iii) State fully the geometrical relationship between OC and BA. [2]
(iv) Provethat angle AOB = 2 radians. [2]
y
A
M
J
0 I >

1
The diagram shows the curve y = x%e 2"
(i) Find the x-coordinate of M, the maximum point of the curve. [4]

(i) Find the area of the shaded region enclosed by the curve, the x-axis and the line x = 1, giving
your answer in terms of e. [5]

An appropriate form for expressing in partial fractionsis

3X
X+ 1)(x-2)
A B

x+1+x—2’

where A and B are constants.

(a) Without evaluating any constants, state appropriate forms for expressing the following in partial
fractions:

) 4x
O ST aeer3)’
2x+1

(X=2)(X+2)?

[1]

(i) [2]

4
3x

—(x+1)(x—2) dx =Inb. [6]

m)$wmaj
3
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Thelines| and m have vector equations
r=2i—j+4k +s(i+j—k) and r=-2i+2j +k+t(-2i+j +k)
respectively.
(i) Show that | and m do not intersect. [4]
The point P lies on | and the point Q has position vector 2i — k.
(ii) Given that the line PQ is perpendicular to |, find the position vector of P. [4]
(iii) Verify that Q lieson mand that PQ is perpendicular to m. [2]

A rectangular reservoir has a horizontal base of area 1000m?. Attimet = 0, it is empty and water
begins to flow into it at a constant rate of 30m°s™. At the same time, water begins to flow out at a

rate proportional to v/h, where hm is the depth of the water at timets. Whenh =1, %T =0.02.
(i) Show that h satisfies the differential equation
Z—? =0.01(3-vh). [3]

It is given that, after making the substitution x = 3 — /h, the equation in part (i) becomes

dx
(X— 3)a = 0.005x.

(i) Using thefact that x = 3whent = 0, solve this differential equation, obtaining an expression for
tintermsof x. [5]

(iii) Find the time at which the depth of water reaches 4 m. [2]
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1 Giventhat aisapositive constant, solve the inequality

|Ix-3al > |x-a. [4]
2

Iny

A

2

X

1

0 > |

0 1 2 3 o 0¥

Two variable quantities x and y are related by the equation y = AX", where A and n are constants.
The diagram shows the result of plotting Iny against Inx for four pairs of values of x and y. Use the
diagram to estimate the values of A and n. [5]

3 Theequation of acurveisy = X+ cos2x. Find the x-coordinates of the stationary points of the curve
for which 0 < X < &, and determine the nature of each of these stationary points. [7]

4  Theeguation x> — x— 3 = 0 hasonereal root, c.
(i) Show that o lies between 1 and 2. [2]

Two iterative formulae derived from this equation are as follows:

X1 = Xﬁ -3, (A)

Wl

X 1= (X +3)° (B)

Each formulais used with initial value X, = 1.5.

(ii) Show that one of these formulae produces a sequence which fails to converge, and use the other
formulato calculate o correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [5]

5 By expressing8sin6 — 6cos0 intheform Rsin(6 — o), solve the equation
8sin6 —-6cos6 =7,
for 0° < 6 < 360°. [7]
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6 (i) Usethesubstitution x = sin? 6 to show that
X ~ 5
J\/(—l_x) dx = Jan 6 do. 4]

(i) Hence find the exact value of

[ e

7  Theequation 2x° + x2 + 25 = 0 has one real root and two complex roots.
(i) Verify that 1 + 2i isone of the complex roots. [3]
(i) Write down the other complex root of the equation. [1]

(iii) Sketch an Argand diagram showing the point representing the complex number 1 + 2i. Show on
the same diagram the set of points representing the complex numbers z which satisfy

|z| =|z-1-2i|. [4]

8 Inacertain chemical reaction the amount, X grams, of a substance present is decreasing. The rate of
decrease of x is proportional to the product of x and the time, t seconds, since the start of the reaction.
Thus x and t satisfy the differential equation

dx_

—~ = _kxt,
dt
where k is a positive constant. At the start of the reaction, whent = 0, x = 100.

(i) Solvethisdifferential equation, obtaining arelation between x, k and t. [5]

(i) 20 seconds after the start of the reaction the amount of substance present is 90 grams. Find the
time after the start of the reaction at which the amount of substance present is 50 grams. [3]

2

9 (i) Express m

in partial fractions. [5]
3 + X
(X+2)(X2 + 1)
termin x°. [5]

(ii) Hence obtain the expansion of in ascending powers of X, up to and including the

10 Thestraight line | passes through the points A and B with position vectors
2i+2) +k and i+4 + 2K
respectively. Thisline intersects the plane p with equation X — 2y + 2z = 6 at the point C.

(i) Find the position vector of C. [4]
(i) Find the acute angle between | and p. [4]
(iii) Show that the perpendicular distance from Ato p isequal to 2. [3]
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1  Find the set of values of x satisfying the inequality |3 — 8| < 0.5, giving 3 significant figures in your

answer. (4]

2  Solvethe equation
tanxtan2x = 1,

giving al solutionsin the interval 0° < x < 180°. [4]

3 Thecurve with equation y = 6* — €* has one stationary point.
(i) Find the x-coordinate of this point. [4]

(ii) Determine whether this point isamaximum or a minimum point. [2]

4  Giventhaty = 2when x = 0, solve the differential equation

dy
y& - 1 + yzl
obtaining an expression for y? in terms of x. [6]

5 (i) Simplify (v(1+X) +v(1-X))(v(1+X) — /(1 - X)), showing your working, and deduce that

1 V(1 +X) -V(1-X) 2]
VI+X) +/(1=-%x) 2X '

(ii) Using thisresult, or otherwise, obtain the expansion of

1
VL+X) +V(1-%)

in ascending powers of x, up to and including the term in x2. [4]

6 Theequation of acurveisx® + 2y° = 3xy.

. dy y-x°

(i) Find the coordinates of the point, other than the origin, where the curve has a tangent which is
parallel to the x-axis. [5]

7 Thelinel hasequationr =j + k + S(i — 2] + k). The plane p has equation X + 2y + 3z = 5.
(i) Show that thelinel liesin the plane p. [3]
(if) A second plane is perpendicular to the plane p, parallel to the line | and contains the point with

position vector 2i + j + 4k. Find the equation of this plane, giving your answer in the form
ax+by+cz =d. (6]
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8 Letf(x)e—X*4
(2x+1)(x+1)2
(i) Expressf(x) in partial fractions. [5]
2
(ii) Hence show that J f(x)dx=2+In2. [5]
0
9  The complex number u is given by
U= 3+I
C2-i
(i) Expressuintheformx+iy, wherexandy arereal. [3]
(ii) Find the modulus and argument of u. [2]

(iii) Sketch an Argand diagram showing the point representing the complex number u. Show on the
same diagram the locus of the point representing the complex number z such that |z — u| = 1.

(3]

(iv) Using your diagram, calculate the least value of |z| for points on this locus. [2]
10
y
A
M
0 = > x

The diagram shows the curvey = xcos2x for 0 < X < %n. The point M is a maximum point.
(i) Show that the x-coordinate of M satisfies the equation 1 = 2xtan 2x. [3]

(ii) Theequationin part (i) can be rearranged in theform x = %tan‘l(z—lx). Usetheiterative formula

1, -1( 1
Moy =310 (xn)v

with initial value X, =04, to calculate the x-coordinate of M correct to 2 decimal places. Give
the result of each iteration to 4 decimal places. [3]

(iii) Useintegration by parts to find the exact area of the region enclosed between the curve and the
x-axis from 0 to Z7. (9]
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k

dx = 1. (4]

1 Find the exact value of the constant k for which J o1

1

2  Thepolynomial x* + 3x? + &, where a is a constant, is denoted by p(x). Itisgiventhat x*> + X+ 2 isa
factor of p(x). Find the value of a and the other quadratic factor of p(x). [4]

3 Useintegration by parts to show that

4
J Inxdx=6In2-2. [4]
2

4  Thecurve with equation y = € * sinx has one stationary point for which 0 < x < 7.
(i) Find the x-coordinate of this point. [4]

(ii) Determine whether this point is a maximum or a minimum point. [2]

5 (i) Show that the equation
tan(45° + x) —tanx =2

can be written in the form
tan’x + 2tanx— 1 = 0. [3]

(i) Hence solve the equation
tan(45° + x) —tanx = 2,

giving all solutionsin theinterval 0° < x < 180°. [4]

6 (i) By sketching asuitable pair of graphs, show that the equation
2-x=Inx
has only one root. [2]

(i) Verify by calculation that thisroot lies between 1.4 and 1.7. [2]

(iii) Show that thisroot also satisfies the equation

X=3(4+Xx-2Inx). [1]

(iv) Usetheiterative formula
1
X = §(4+ X, —2InX.),

with initial value x, = 1.5, to determine this root correct to 2 decimal places. Give the result of
each iteration to 4 decimal places. [3]
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7  The number of insects in a population t days after the start of observations is denoted by N. The
variation in the number of insects is modelled by a differential equation of the form

% = kN cos(0.02t),

where k isaconstant and N is taken to be a continuous variable. It isgiven that N = 125whent = 0.
(i) Solvethedifferential equation, obtaining arelation between N, k and t. [5]

(ii) Givenalsothat N = 166 whent = 30, find the value of k. [2]

(iii) Obtain an expression for N in terms of t, and find the least value of N predicted by this model.
[3]

8 (a) Thecomplex number z isgiven by z = 411:—2:
(i) Expresszintheform x+ iy, where x andy are redl. [2]
(i) Find the modulus and argument of z. [2]

(b) Find the two square roots of the complex number 5 - 12i, giving your answersin theform x + iy,

wherex and y are real. [6]
9 (i) Express— 2 X* & i vartial fractions 5]
PSS T @+29@2+x P '
(ii) Henceobtaintheexpansion of 2-x+8¢ inascending powersof X, uptoandincludin
b -1+ 222+ 9p ' Up 9
thetermin x2. [5]

10 The straight line | has equation r = i + 6j — 3k + S(i — 2j + 2k). The plane p has equation
(r —3i).(2i — 3j + 6k) = 0. Thelinel intersects the plane p at the point A.

(i) Find the position vector of A. [3]
(i) Find the acute angle between | and p. (4]

(iii) Find avector equation for the line which liesin p, passes through A and is perpendicular tol.

[5]
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1 Solvetheequation
In(X+2) =2+Inx,

giving your answer correct to 3 decimal places. [3]

2  Expand (1+ X) /(1 - 2X) in ascending powers of X, up to and including thetermin X2, simplifying the
coefficients. [4]

3 Thecurvey= cosx’ for —%n <X< %n has one stationary point. Find the x-coordinate of this point.

[5]

4  The parametric equations of a curve are
X =a(26 —sin20), y =a(l- cos20).

Show that d_y = cot 6. [5]
ax

5  The polynomial 4x3 — 4x? + 3x + @, where a is a constant, is denoted by p(x). It is given that p(X) is
divisible by 2x* — 3x + 3.

(i) Find the value of a. [3]

(ii) When a hasthisvalue, solve the inequality p(x) < O, justifying your answer. [3]

6 (i) Express 5sinx + 12cosx in the form Rsin(x + o), where R> 0 and 0° < o < 90°, giving the

value of o correct to 2 decimal places. [3]

(i) Hence solve the equation
58n26 + 12cos26 = 11,

giving all solutionsin theinterval 0° < 6 < 180°. [5]

7  Two planes have equations2x—y—3z =7 and X+ 2y + 2z = 0.
(i) Find the acute angle between the planes. [4]

(i) Find avector equation for their line of intersection. [6]
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An underground storage tank is being filled with liquid as shown in the diagram. Initially thetank is
empty. Attimet hours after filling begins, the volume of liquid is V m and the depth of liquid ishm.
Itisgiventhat V = 2h®,

The liquid is poured in at a rate of 20m3 per hour, but owing to leakage, liquid is lost a a rate
proportional to h?>. Whenh = 1, z—? = 4.95.

(i) Show that h satisfies the differential equation

dh 5 1

&R0 4]
N . 20h? 2000
(ii) Verify that Too_12 = -20 + (10-h) 10+ h) [1]

(iii) Hence solve the differential equation in part (i), obtaining an expression for t in terms of h.  [5]

a
9 Thecongant aissuch that J xe2* dx = 6.
0

(i) Show that a satisfies the equation

1

X=2+e2, [5]
(i) By sketching asuitable pair of graphs, show that this equation has only one root. [2]
(iii) Verify by calculation that thisroot lies between 2 and 2.5. [2]

(iv) Use an iterative formula based on the equation in part (i) to calculate the value of a correct to
2 decimal places. Give the result of each iteration to 4 decimal places. [3]
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3
10 Thecomplex number wis given by w = _:_ZL +i \/7

(i) Find the modulus and argument of w. [2]

(if) The complex number z has modulus R and argument 6, where -7 < 6 < 2. State the modulus

and argument of wz and the modulus and argument of viv [4]

(iii) Hence explain why, in an Argand diagram, the points representing z, wz and viv are the vertices
of an equilateral triangle. [2]

(iv) In an Argand diagram, the vertices of an equilateral triangle lie on a circle with centre at the
origin. One of the vertices represents the complex number 4 + 2i. Find the complex numbers
represented by the other two vertices. Give your answersin the form X + iy, where X and y are
real and exact. [4]
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Solve the inequality 2 — 3x < |x - 3|. [4]

3X+2

Solve the equation = 3% +32, giving your answer correct to 3 significant figures. [4]

The sequence of values given by the iterative formula

with initial value x, = 3, converges to .

(i) Use this iterative formula to find o correct to 2 decimal places, giving the result of each iteration
to 4 decimal places. [3]

(ii) State an equation satisfied by a and hence find the exact value of «. [2]

A curve has equation y = e > tan x. Find the x-coordinates of the stationary points on the curve in the
interval —%n <x< %n Give your answers correct to 3 decimal places. [6]

(i) Prove the identity cos46 —4cos20+3 =8 sin* 6. [4]

(ii) Using this result find, in simplified form, the exact value of

1

375
. 4
J sin* 6do. [4]

8775

With respect to the origin O, the points A, B and C have position vectors given by
ﬁ . ﬁ . . % . .
OA=i-k, OB=3i+2j-3k and OC =4i-3j+2k.
The mid-point of AB is M. The point N lies on AC between A and C and is such that AN = 2NC.
(i) Find a vector equation of the line MN. (4]

(ii) It is given that MN intersects BC at the point P. Find the position vector of P. [4]

The complex number -2 +1 is denoted by u.

(i) Given that u is a root of the equation x> = 11x — k = 0, where k is real, find the value of k. [3]
(ii) Write down the other complex root of this equation. [1]
(iii) Find the modulus and argument of u. [2]

(iv) Sketch an Argand diagram showing the point representing u. Shade the region whose points
represent the complex numbers z satisfying both the inequalities

|z| <|z-2| and O<arg(z—u)<%7t. [4]
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3
5x+3
8 i) Express in partial fractions. 5
@ Express 2 Gxr2) P =
.. . . 5x+3 . . . .
(ii) Hence obtain the expansion of 5 in ascending powers of x, up to and including the
(x+1)*(3x+2)
term in x°, simplifying the coefficients. [5]
9
y
A
M
A >
0 / 4 >

. Inx . . . .
The diagram shows the curve y = —— and its maximum point M. The curve cuts the x-axis at the

Vx
point A.
(i) State the coordinates of A. [1]
(ii) Find the exact value of the x-coordinate of M. [4]

(iii) Using integration by parts, show that the area of the shaded region bounded by the curve, the
x-axis and the line x = 4 is equal to 8 In2 — 4. [5]

10 In a model of the expansion of a sphere of radius rcm, it is assumed that, at time ¢ seconds after the
start, the rate of increase of the surface area of the sphere is proportional to its volume. When ¢ = 0,

dr
=5and — =2.
r an i

(i) Show that r satisfies the differential equation

dr

e 0.0877. [4]

[The surface area A and volume V of a sphere of radius r are given by the formulae A = anr?,
V=3nr]

(ii) Solve this differential equation, obtaining an expression for 7 in terms of ¢. [5]

(iii) Deduce from your answer to part (ii) the set of values that 7 can take, according to this model.

[1]
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Solve the equation
In(5—-x)=In5-1nx,

giving your answers correct to 3 significant figures. [4]

The equation x° — 8x — 13 = 0 has one real root.
(i) Find the two consecutive integers between which this root lies. [2]

(ii) Use the iterative formula

Wi

X, = (8x +13)°

to determine this root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [3]

The equation of a curve is X - xzy - y3 =3.
o o dy .
(i) Find P in terms of x and y. [4]

(ii) Find the equation of the tangent to the curve at the point (2, 1), giving your answer in the form
ax+by+c=0. [2]

The angles o and f lie in the interval 0° < x < 180°, and are such that
tanog =2tanf and tan(o + P) = 3.

Find the possible values of o and f3. [6]

The polynomial 2x% + ax® + bx — 4, where a and b are constants, is denoted by p(x). The result of
differentiating p(x) with respect to x is denoted by p’(x). It is given that (x + 2) is a factor of p(x) and
of p'(x).

(i) Find the values of a and b. [5]

(ii) When a and b have these values, factorise p(x) completely. [3]

(i) Use the substitution x = 2 tan 6 to show that

2 1
8 dx JZ” 20de [4]
— = COS .
0 (4+x2)2 0

2
8
L Fewan dx. [4]
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3
The complex numbers —2 + i and 3 + i are denoted by u« and v respectively.

(i) Find, in the form x + iy, the complex numbers

@@ u+v, [1]
(b) E, showing all your working. [3]
%
(ii) State the argument of E. [1]
%

In an Argand diagram with origin O, the points A, B and C represent the complex numbers u, v and
u + v respectively.

(iii) Prove that angle AOB = 7. [2]
(iv) State fully the geometrical relationship between the line segments OA and BC. [2]
i) E 12X in partial fracti [5]

i) Express —————— in partial fractions.

P -+ P
1+
(ii) Hence obtain the expansion of S in ascending powers of x, up to and including the
(1 -x)(2+x?)

term in x°. [5]

The temperature of a quantity of liquid at time ¢ is 6. The liquid is cooling in an atmosphere whose
temperature is constant and equal to A. The rate of decrease of 8 is proportional to the temperature
difference (6 — A). Thus 6 and ¢ satisfy the differential equation

do
— =—-k(6-A),
o ( )
where k is a positive constant.
(i) Find, in any form, the solution of this differential equation, given that 8 = 4A when ¢ = 0. [5]
(ii) Given also that 6 = 3A when ¢ = 1, show that k = In % [1]
(iii) Find 0 in terms of A when ¢ = 2, expressing your answer in its simplest form. [3]
The plane p has equation 2x — 3y + 6z = 16. The plane ¢ is parallel to p and contains the point with
position vector i + 4j + 2k.
(i) Find the equation of ¢, giving your answer in the form ax + by + cz = d. [2]

(ii) Calculate the perpendicular distance between p and q. [3]

(iii) The line / is parallel to the plane p and also parallel to the plane with equation x — 2y + 2z = 5.
Given that / passes through the origin, find a vector equation for /. [5]
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1  Solve the inequality 2|x — 3| > |3x + 1|. (4]

2 Solve the equation

In(1+x*)=1+2Inx,

giving your answer correct to 3 significant figures. [4]

3  Solve the equation
cos(0 + 60°) = 2sin 6,

giving all solutions in the interval 0° < 6 < 360°. [5]

=

(i) By sketching suitable graphs, show that the equation
4x* — 1 = cotx

has only one root in the interval 0 < x < %7: [2]
(ii) Verify by calculation that this root lies between 0.6 and 1. [2]

(iii) Use the iterative formula

xn+l

= 1v/(1 + cotx,)

to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [3]

1 x2
5 Let/= | ———dx
o V(4 -x%)

(i) Using the substitution x = 2 sin 0, show that

1

571'
I= J 4sin’ 0 d6. [3]
0

(ii) Hence find the exact value of /. (4]
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6  The complex number z is given by

z=(v/3) +1i.
(i) Find the modulus and argument of z. [2]

(i) The complex conjugate of z is denoted by z*. Showing your working, express in the form x + iy,
where x and y are real,

(a) 2z+z%,
iz*

(b) —.
z

[4]

(iii) On a sketch of an Argand diagram with origin O, show the points A and B representing the
complex numbers z and iz respectively. Prove that angle AOB = %n. [3]

7  With respect to the origin O, the points A and B have position vectors given by O—A) =i+2j+ 2k and
OB = 3i+ 4j. The point P lies on the line AB and OP is perpendicular to AB.

(i) Find a vector equation for the line AB. [1]
(ii) Find the position vector of P. (4]

(iii) Find the equation of the plane which contains AB and which is perpendicular to the plane OAB,
giving your answer in the form ax + by + cz = d. [4]

3x

8 Lt = a9

(i) Express f(x) in partial fractions. [5]

(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x°>.

[5]

[Questions 9 and 10 are printed on the next page.]
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The diagram shows the curve y = x° Inx and its minimum point M.

(i) Find the exact coordinates of M.

(ii) Find the exact area of the shaded region bounded by the curve, the x-axis and the line x = 2.

[5]
[5]

10 A certain substance is formed in a chemical reaction. The mass of substance formed ¢ seconds after
the start of the reaction is x grams. At any time the rate of formation of the substance is proportional

to (20 — x). Whent:O,x:Oandi—j =1.

(i) Show that x and 7 satisfy the differential equation

dx
& 0.05(20 - x).
dr (20 -x)

(ii) Find, in any form, the solution of this differential equation.

(iii) Find x when 7 = 10, giving your answer correct to 1 decimal place.

(iv) State what happens to the value of x as ¢ becomes very large.

2]

[5]
(2]
[1]
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1  Solve the inequality 2|x — 3| > |3x + 1|. (4]

2 Solve the equation

In(1+x*)=1+2Inx,

giving your answer correct to 3 significant figures. [4]

3  Solve the equation
cos(0 + 60°) = 2sin 6,

giving all solutions in the interval 0° < 6 < 360°. [5]

=

(i) By sketching suitable graphs, show that the equation
4x* — 1 = cotx

has only one root in the interval 0 < x < %7: [2]
(ii) Verify by calculation that this root lies between 0.6 and 1. [2]

(iii) Use the iterative formula

xn+l

= 1v/(1 + cotx,)

to determine the root correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [3]

1 x2
5 Let/= | ———dx
o V(4 -x%)

(i) Using the substitution x = 2 sin 0, show that

1

571'
I= J 4sin’ 0 d6. [3]
0

(ii) Hence find the exact value of /. (4]
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6  The complex number z is given by

z=(v/3) +1i.
(i) Find the modulus and argument of z. [2]

(i) The complex conjugate of z is denoted by z*. Showing your working, express in the form x + iy,
where x and y are real,

(a) 2z+z%,
iz*

(b) —.
z

[4]

(iii) On a sketch of an Argand diagram with origin O, show the points A and B representing the
complex numbers z and iz respectively. Prove that angle AOB = %n. [3]

7  With respect to the origin O, the points A and B have position vectors given by O—A) =i+2j+ 2k and
OB = 3i+ 4j. The point P lies on the line AB and OP is perpendicular to AB.

(i) Find a vector equation for the line AB. [1]
(ii) Find the position vector of P. (4]

(iii) Find the equation of the plane which contains AB and which is perpendicular to the plane OAB,
giving your answer in the form ax + by + cz = d. [4]

3x

8 Lt = a9

(i) Express f(x) in partial fractions. [5]

(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x°>.

[5]

[Questions 9 and 10 are printed on the next page.]
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The diagram shows the curve y = x° Inx and its minimum point M.

(i) Find the exact coordinates of M.

(ii) Find the exact area of the shaded region bounded by the curve, the x-axis and the line x = 2.

[5]
[5]

10 A certain substance is formed in a chemical reaction. The mass of substance formed ¢ seconds after
the start of the reaction is x grams. At any time the rate of formation of the substance is proportional

to (20 — x). Whent:O,x:Oandi—j =1.

(i) Show that x and 7 satisfy the differential equation

dx
& 0.05(20 - x).
dr (20 -x)

(ii) Find, in any form, the solution of this differential equation.

(iii) Find x when 7 = 10, giving your answer correct to 1 decimal place.

(iv) State what happens to the value of x as ¢ becomes very large.

2]

[5]
(2]
[1]
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2

Expand (1 + 2x)~? in ascending powers of x, up to and including the term in x*, simplifying the
coefficients. [3]

The parametric equations of a curve are

_ 1 _
MDY, y=e o
Find the gradient of the curve at the point for which z = 0. [5]

The complex number w is defined by w = 2 + 1.

(i) Showing your working, express w? in the form x + iy, where x and y are real. Find the modulus
of w?. [3]

(ii) Shade on an Argand diagram the region whose points represent the complex numbers z which

satisfy
|z - w2 < [w?]. [3]
It is given that f(x) = 4 cos?3x.
(i) Find the exact value of f'(§7). [3]
(i) Find Jf(x) dx. (3]
T x4
X+
h h ———dx =1 .
Show t atJ; (2x+1)(x+2)dx n50 [7]

The straight line / passes through the points with coordinates (-5, 3, 6) and (5, 8, 1). The plane p
has equation 2x —y +4z = 9.

(i) Find the coordinates of the point of intersection of / and p. [4]
(ii) Find the acute angle between [ and p. [4]
a
. . Inx ) 5
(i) Given that — dx = £, show that a = 3(1 + Ina). [5]
X
1

(ii) Use an iteration formula based on the equation a = %(1 + Ina) to find the value of a correct to
2 decimal places. Use an initial value of 4 and give the result of each iteration to 4 decimal
places. [3]
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8 (i) Express (v/6) cos 8 + (1/10) sin 0 in the form R cos(6 — o), where R > 0 and 0° < o < 90°. Give
the value of « correct to 2 decimal places. [3]

(ii) Hence, in each of the following cases, find the smallest positive angle 8 which satisfies the

equation
(@) (v/6)cosb + (/10)sin 6 = -4, [2]
(b) (v6)cosif+(v10)sini6 = 3. [4]

9 A biologist is investigating the spread of a weed in a particular region. At time ¢ weeks after the
start of the investigation, the area covered by the weed is A m?. The biologist claims that the rate of
increase of A is proportional to v/(2A — 5).

(i) Write down a differential equation representing the biologist’s claim. [1]

(ii) At the start of the investigation, the area covered by the weed was 7m? and, 10 weeks later, the
area covered was 27 m? . Assuming that the biologist’s claim is correct, find the area covered
20 weeks after the start of the investigation. [9]

10 The polynomial p(z) is defined by
p(z) = 2% + mz* + 24z + 32,

where m is a constant. It is given that (z + 2) is a factor of p(z).
(i) Find the value of m. [2]

(i) Hence, showing all your working, find
(a) the three roots of the equation p(z) = 0, [5]

(b) the six roots of the equation p(z*) = 0. [6]
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1  Using the substitution u = e*, or otherwise, solve the equation
e*=1+6e™",

giving your answer correct to 3 significant figures. [4]

2 The parametric equations of a curve are

x=3(1+sin’7), y=2cos’t.

d
Find < in terms of t, simplifying your answer as far as possible. [5]

3 The polynomial x* + 3x> + ax + 3 is denoted by p(x). It is given that p(x) is divisible by x* — x + 1.
(i) Find the value of a. [4]

(i) When a has this value, find the real roots of the equation p(x) = 0. [2]

4  The variables x and 0 are related by the differential equation
dx
sinZGE = (x+ 1) cos 26,

where 0 < 0 < %n. When 6 = ﬁn, x = 0. Solve the differential equation, obtaining an expression for
x in terms of 6, and simplifying your answer as far as possible. [7]

5 (i) By sketching a suitable pair of graphs, show that the equation

secx =3 — %xz,

where x is in radians, has a root in the interval 0 < x < %n [2]
(ii) Verify by calculation that this root lies between 1 and 1.4. [2]

(iii) Show that this root also satisfies the equation
x:cos_](6_2x2). [1]
(iv) Use an iterative formula based on the equation in part (iii) to determine the root correct to
2 decimal places. Give the result of each iteration to 4 decimal places. [3]
6 (i) Express cosx + 3 sinx in the form R cos(x — o), where R > 0 and 0° < a < 90°, giving the exact
value of R and the value of ¢ correct to 2 decimal places. [3]
(ii) Hence solve the equation cos 260 + 3sin26 = 2, for 0° < 6 < 90°. [5]
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7  With respect to the origin O, the position vectors of two points A and B are given by O—A) =i+2j+2k
and OB = 3i + 4j. The point P lies on the line through A and B, and AP = LAB.

(i) Show that OP = (1+20)i+(2+21)j+ (2-21)k. [2]
(ii) By equating expressions for cos AOP and cos BOP in terms of A, find the value of A for which
OP bisects the angle AOB. [5]
(iii) When A has this value, verify that AP : PB = OA : OB. [1]
12+ 8x—x°
8 Letf(x)= —— >
(2—x)(4+x7)
A Bx+C
(i) Express f(x) in the form % + 4x+—+xz [4]
1
(i) Show that J f(x) dx = In(%). [5]
0
9
y
A
> X
0 M ¢
The diagram shows the curve y = x? Inx and its minimum point M.
(i) Find the exact values of the coordinates of M. [5]

(ii) Find the exact value of the area of the shaded region bounded by the curve, the x-axis and the
line x = e. [5]

10 (a) Showing your working, find the two square roots of the complex number 1 — (24/6)i. Give your
answers in the form x + iy, where x and y are exact. [5]
(b) On asketch of an Argand diagram, shade the region whose points represent the complex numbers

z which satisfy the inequality |z — 3i| < 2. Find the greatest value of arg z for points in this region.

[5]
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1  Using the substitution u = e*, or otherwise, solve the equation
e*=1+6e™",

giving your answer correct to 3 significant figures. [4]

2 The parametric equations of a curve are

x=3(1+sin’7), y=2cos’t.

d
Find < in terms of t, simplifying your answer as far as possible. [5]

3 The polynomial x* + 3x> + ax + 3 is denoted by p(x). It is given that p(x) is divisible by x* — x + 1.
(i) Find the value of a. [4]

(i) When a has this value, find the real roots of the equation p(x) = 0. [2]

4  The variables x and 0 are related by the differential equation
dx
sinZGE = (x+ 1) cos 26,

where 0 < 0 < %n. When 6 = ﬁn, x = 0. Solve the differential equation, obtaining an expression for
x in terms of 6, and simplifying your answer as far as possible. [7]

5 (i) By sketching a suitable pair of graphs, show that the equation

secx =3 — %xz,

where x is in radians, has a root in the interval 0 < x < %n [2]
(ii) Verify by calculation that this root lies between 1 and 1.4. [2]

(iii) Show that this root also satisfies the equation
x:cos_](6_2x2). [1]
(iv) Use an iterative formula based on the equation in part (iii) to determine the root correct to
2 decimal places. Give the result of each iteration to 4 decimal places. [3]
6 (i) Express cosx + 3 sinx in the form R cos(x — o), where R > 0 and 0° < a < 90°, giving the exact
value of R and the value of ¢ correct to 2 decimal places. [3]
(ii) Hence solve the equation cos 260 + 3sin26 = 2, for 0° < 6 < 90°. [5]
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7  With respect to the origin O, the position vectors of two points A and B are given by O—A) =i+2j+2k
and OB = 3i + 4j. The point P lies on the line through A and B, and AP = LAB.

(i) Show that OP = (1+20)i+(2+21)j+ (2-21)k. [2]
(ii) By equating expressions for cos AOP and cos BOP in terms of A, find the value of A for which
OP bisects the angle AOB. [5]
(iii) When A has this value, verify that AP : PB = OA : OB. [1]
12+ 8x—x°
8 Letf(x)= —— >
(2—x)(4+x7)
A Bx+C
(i) Express f(x) in the form % + 4x+—+xz [4]
1
(i) Show that J f(x) dx = In(%). [5]
0
9
y
A
> X
0 M ¢
The diagram shows the curve y = x? Inx and its minimum point M.
(i) Find the exact values of the coordinates of M. [5]

(ii) Find the exact value of the area of the shaded region bounded by the curve, the x-axis and the
line x = e. [5]

10 (a) Showing your working, find the two square roots of the complex number 1 — (24/6)i. Give your
answers in the form x + iy, where x and y are exact. [5]
(b) On asketch of an Argand diagram, shade the region whose points represent the complex numbers

z which satisfy the inequality |z — 3i| < 2. Find the greatest value of arg z for points in this region.

[5]
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1 Expand in ascending powers of x, up to and including the term in x°, simplifying the

16
(2 +x)2

coefficients. [4]

2 The equation of a curve is y = . Show that the gradient of the curve at the point for which

1+e
x=1n3i559—0. (4]

3 (i) Express 8cos 0 + 15sin 0 in the form R cos(0 — &), where R > 0 and 0° < o < 90°. Give the value
of o correct to 2 decimal places. [3]

(ii) Hence solve the equation 8 cos 6 + 15sin 6 = 12, giving all solutions in the interval 0° < 6 < 360°.

[4]

4  During an experiment, the number of organisms present at time ¢ days is denoted by N, where N is
treated as a continuous variable. It is given that

g =1 2e—0.02INO.5
dr ’ ’
When ¢ = 0, the number of organisms present is 100.
(i) Find an expression for N in terms of 7. [6]

(ii) State what happens to the number of organisms present after a long time. [1]

a

5 Itis given that J xInxdx = 22, where a is a constant greater than 1.
1

. B 87
(l) Show that a = \/(m) . [5]

(if) Use an iterative formula based on the equation in part (i) to find the value of a correct to 2 decimal
places. Use an initial value of 6 and give the result of each iteration to 4 decimal places. [3]

6  The complex number w is defined by w = —1 +1.
(i) Find the modulus and argument of w? and w?, showing your working. [4]

(ii) The points in an Argand diagram representing w and w? are the ends of a diameter of a circle.
Find the equation of the circle, giving your answer in the form |z — (a + bi)| = k. [4]
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The polynomial p(x) is defined by

3

p(x) =ax’ —x* +4x -a,

where a is a constant. It is given that (2x — 1) is a factor of p(x).

(i) Find the value of a and hence factorise p(x). [4]

(i) When a has the value found in part (i), express in partial fractions. [5]
y
A
0 » X

The diagram shows the curve with parametric equations
X =sint+cost, y= sin®7 + cos’t,

1 5
for T <t<3T.

(i) Show that % = —-3sintcost’. [3]

(ii) Find the gradient of the curve at the origin. [2]

(iii) Find the values of t for which the gradient of the curve is 1, giving your answers correct to
2 significant figures. [4]

a 4
The line [/ has equation r = (1) + 7L( 3 ) , where a is a constant. The plane p has equation
4 -2

2x-2y+z=10.

(i) Given that [ does not lie in p, show that [ is parallel to p. [2]
(ii) Find the value of a for which / lies in p. [2]
(iii) It is now given that the distance between [ and p is 6. Find the possible values of a. [5]
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10 (i) Use the substitution # = tan x to show that, for n # —1,

In 1
J4 (tan"*%x + tan" x) dx = . [4]
0 n+1

(ii) Hence find the exact value of

1

=TT

(a) J (sec*x — sec?x) dx, (3]
0
Iy

(b) J (tan’x + Stan’ x + 5 tan’ x + tan’ x) dx. [3]
0
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2
Find the set of values of X satisfying the inequality 3|X — 1| < |2X+ 1]. [4]
Solve the equation
51 =5"-5
giving your answer correct to 3 significant figures. [4]

Solve the equation
sin(0 + 45°) = 2cos(6 — 30°),

giving all solutions in the interval 0° < 6 < 180°. [5]
When (1 + ax)~2, where ais a positive constant, is expanded in ascending powers of X, the coefficients
of X and X® are equal.

() Find the exact value of a. 4]

(i) When a has this value, obtain the expansion up to and including the term in X?, simplifying the

coefficients. [3]
(i) By differentiatin show that if y = sec X then dy _ sec Xtan X [2]
y & Cosx’ y= dx '
.. 1
(ii) Show that —————— = sec X+ tan X. [1]

sec X —tan X

1
(iii) Deduce that ———— = = 2sec’X — 1 +2sec Xtan X. [2]
(sec X —tan X)

1
i

1

(sec X — tan X)? dx= £(8\/2 - ]

(iv) Hence show that J
0

The variables X and Y are related by the differential equation

dy >
X =1-Y.

When X = 2, y = 0. Solve the differential equation, obtaining an expression for yin terms of X.  [8]

The equation of a curve is In(Xy) —y® = 1.

(i) Show that dy__ ¥y (4]

dx X3y’ - 1)’

(ii) Find the coordinates of the point where the tangent to the curve is parallel to the y-axis, giving
each coordinate correct to 3 significant figures. [4]
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142
The diagram shows the curve y = e 2y (1 +2x?) for X > 0, and its maximum point M.
() Find the exact value of the X-coordinate of M. 4]

(i) The sequence of values given by the iterative formula

X..; = 1/(In(4 + 8x2)),

with initial value X; = 2, converges to a certain value . State an equation satisfied by « and
hence show that « is the X-coordinate of a point on the curve where y = 0.5. [3]

(iii) Use the iterative formula to determine o correct to 2 decimal places. Give the result of each
iteration to 4 decimal places. [3]
9  The complex number 1 + (v/2)i is denoted by U. The polynomial X* + X* + 2X + 6 is denoted by p(X).

(i) Showing your working, verify that U is a root of the equation p(X) = 0, and write down a second
complex root of the equation. [4]

(ii) Find the other two roots of the equation p(X) = O. [6]

10 With respect to the origin O, the points A, B and C have position vectors given by
3 2 . 1
OA = (—2), OB = (—1) and OC = (—5).
4 7 -3
—
The plane mis parallel to OC and contains A and B.

(i) Find the equation of m, giving your answer in the form ax+ by + cz = d. [6]

(ii) Find the length of the perpendicular from C to the line through A and B. [5]
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2
Find the set of values of x satisfying the inequality 3|x — 1| < |2x + 1]. [4]
Solve the equation
571=5"-5
giving your answer correct to 3 significant figures. [4]

Solve the equation
sin(0 + 45°) = 2cos(6 — 30°),

giving all solutions in the interval 0° < 6 < 180°. [5]
When (1 + ax)~2, where a is a positive constant, is expanded in ascending powers of x, the coefficients
of x and x> are equal.

(i) Find the exact value of a. [4]

(i) When «a has this value, obtain the expansion up to and including the term in x*, simplifying the

coefficients. [3]
. . o . dy
(i) By differentiating , show that if y = sec x then — = sec xtanx. [2]
COSX dx
.. 1
(ii) Show that ———— = secx + tanx. [1]
secx —tanx
1 2
(iii) Deduce that —— — =2sec“x— 1 + 2sec xtanx. [2]

(secx — tan x)?

1
i

1

T gx =1 _
(secx — tan x)? dx 4(8\/2 ). ]

(iv) Hence show that J
0

The variables x and y are related by the differential equation

dy 2
— =1-y".
xdx y

When x = 2, y = 0. Solve the differential equation, obtaining an expression for y in terms of x.  [8]

The equation of a curve is In(xy) —y® = 1.

(i) Show that & = 2

= 4
dx  x(3y’-1) 4

(ii) Find the coordinates of the point where the tangent to the curve is parallel to the y-axis, giving
each coordinate correct to 3 significant figures. [4]
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The diagram shows the curve y = e 2 v/(1 + 2x?) for x > 0, and its maximum point M.
(i) Find the exact value of the x-coordinate of M. [4]

(i) The sequence of values given by the iterative formula

x,,, = +/(In(4 + 8x2)),

with initial value x, = 2, converges to a certain value . State an equation satisfied by « and
hence show that « is the x-coordinate of a point on the curve where y = 0.5. [3]

(iii) Use the iterative formula to determine o correct to 2 decimal places. Give the result of each
iteration to 4 decimal places. [3]
9  The complex number 1 + (v/2)i is denoted by u. The polynomial x* + x> + 2x + 6 is denoted by p(x).

(i) Showing your working, verify that u is a root of the equation p(x) = 0, and write down a second
complex root of the equation. [4]

(ii) Find the other two roots of the equation p(x) = 0. [6]
10 With respect to the origin O, the points A, B and C have position vectors given by

3 2 1
E{:(—z), @’:(—1) and O_C)‘:(—S).
4 7 -3

The plane m is parallel to 58 and contains A and B.
(i) Find the equation of m, giving your answer in the form ax + by + cz = d. [6]

(ii) Find the length of the perpendicular from C to the line through A and B. [5]
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1  Solve the equation

In(x+5)=1+1nx,

giving your answer in terms of e. [3]

[

(i) Express 24 sin 6 — 7 cos 6 in the form R sin(0 — ), where R > 0 and 0° < o < 90°. Give the value
of o correct to 2 decimal places. [3]

(ii) Hence find the smallest positive value of 0 satisfying the equation

24sin@ —7cos 06 = 17. [2]

3  The parametric equations of a curve are

4t
= — =2In(2 .
X=o= Y n(2z +3)
. dy . . e
(i) Express b in terms of #, simplifying your answer. [4]
(ii) Find the gradient of the curve at the point for which x = 1. [2]

4  The variables x and y are related by the differential equation
dy
2
+4)—= = 6xy.
(x"+4) = = 6xy

It is given that y = 32 when x = 0. Find an expression for y in terms of x. [6]

5  The expression f(x) is defined by f(x) = 3xe™>".
(i) Find the exact value of f’ (—%) [3]
0
(ii) Find the exact value of J f(x) dx. [5]
1

2

© UCLES 2012 9709/33/0/N/12
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6
y
A
3 0 5 > X
The diagram shows the curve y = x* + 2x° + 2x* — 4x — 16, which crosses the x-axis at the points (¢, 0)
and (B3, 0) where o < 3. It is given that « is an integer.
(i) Find the value of a. (2]
(ii) Show that J satisfies the equation x = /(8 — 2x). [3]
(iii) Use an iteration process based on the equation in part (ii) to find the value of f correct to 2 decimal
places. Show the result of each iteration to 4 decimal places. [3]
7
Yy
A
» X
(0]

The diagram shows part of the curve y = sin®2x cos> 2x. The shaded region shown is bounded by the
curve and the x-axis and its exact area is denoted by A.

(i) Use the substitution # = sin 2x in a suitable integral to find the value of A. [6]

km

(ii) Given that J |sin3 2xcos’2x|dx = 40A, find the value of the constant k. 2]
0

[Questions 8, 9 and 10 are printed on the next page.]
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8 Two lines have equations
5 1 p 2
r= 1] +s]|-1 and r= 41+t 51,
-4 3 -2 -4

where p is a constant. It is given that the lines intersect.

()
(ii)

10 (a)

(b)

Find the value of p and determine the coordinates of the point of intersection. [5]

Find the equation of the plane containing the two lines, giving your answer in the form
ax + by + cz = d, where a, b, ¢ and d are integers. [5]

9—7x+8x2

Express ———
Press 3 (1 +2)

in partial fractions. [5]

, , 9—7x+8x . , , ,
Hence obtain the expansion of ——————— in ascending powers of x, up to and including the
B-x)(1+x7)
term in x°. [5]
Without using a calculator, solve the equation iw? = (2 — 2i)>. [3]

(i) Sketch an Argand diagram showing the region R consisting of points representing the
complex numbers z where

|z -4 -4i| <2. [2]
(if) For the complex numbers represented by points in the region R, it is given that
p<|z|<qg and oa<argz<}f.

Find the values of p, ¢, o and 3, giving your answers correct to 3 significant figures.  [6]
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2
. . I+X 1 . .
The equation of a curve is y = T3 ox for X > —5. Show that the gradient of the curve is always
negative. [3]
Solve the equation 2 |3* — 1| = 3%, giving your answers correct to 3 significant figures. [4]
¥ Inx
Find the exact value of J‘ 3—)( dx. [5]
1

The parametric equations of a curve are

t

X=elcost, y=esint.
Show that %Y = tan (t-1r) [6]
dx anr
(i) Prove that cot 6 + tan 8 = 2 cosec 26. [3]
1y
(i) Hence show that J. cosec26d0O = %ln 3. 4]
Ll

6

In the diagram, A is a point on the circumference of a circle with centre O and radius r. A circular arc
with centre A meets the circumference at B and C. The angle OAB is 6 radians. The shaded region
is bounded by the circumference of the circle and the arc with centre A joining B and C. The area of
the shaded region is equal to half the area of the circle.

2sin20 -«

i) Sh h 20 =
(i) Show that cos286 10

[5]

(ii) Use the iterative formula

2

0 —1cos! (2sin29n—n)’

40

n

with initial value 6, = 1, to determine 6 correct to 2 decimal places, showing the result of each
iteration to 4 decimal places. [3]
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2 P— F—
Let f(x) = w
(X=2)(X*+3)
(i) Express f(X) in partial fractions. [5]

(ii) Hence obtain the expansion of f(X) in ascending powers of X, up to and including the term in X*.

[5]

Throughout this question the use of a calculator is not permitted.

(@ The complex numbers U and V satisfy the equations
U+2v=2i and iu+v=3.

Solve the equations for U and V, giving both answers in the form X + iy, where X and Y are real.

[5]

(b) On an Argand diagram, sketch the locus representing complex numbers z satisfying |z +i| = 1
and the locus representing complex numbers W satisfying arg(w — 2) = %n. Find the least value
of |z — w| for points on these loci. [5]

)

The diagram shows three points A, B and C whose position vectors with respect to the origin O are

given by OA = (—? ), OB = ( (3) and OC = (3) ) The point D lies on BC, between B and C, and is
such that CD = 2|§B. 1 *
(i) Find the equation of the plane ABC, giving your answer in the form ax + by + ¢z = d. [6]
(ii) Find the position vector of D. [1]
(iii) Show that the length of the perpendicular from A to OD is % \(65). [4]

[Question 10 isprinted on the next page.]
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A tank containing water is in the form of a cone with vertex C. The axis is vertical and the semi-
vertical angle is 60°, as shown in the diagram. At time t = O, the tank is full and the depth of water
is H. At this instant, a tap at C is opened and water begins to flow out. The volume of water in the
tank decreases at a rate proportional to vh, where h is the depth of water at time t. The tank becomes
empty when t = 60.

(i) Show that h and t satisfy a differential equation of the form

dh_ _an,
dt

where A is a positive constant. [4]

(ii) Solve the differential equation given in part (i) and obtain an expression for t in terms of h and
H. [6]

(iii) Find the time at which the depth reaches %H. [1]

[The volume V of a cone of vertical height h and base radius r is given by V = %m‘zh.]
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1+
1  The equation of a curve is y = I 2x for x > —%. Show that the gradient of the curve is always
X
negative. [3]
2 Solve the equation 2|3 — 1| = 3%, giving your answers correct to 3 significant figures. [4]
4
. Inx
3  Find the exact value of J. \/_ dx. [5]
X
1

4  The parametric equations of a curve are

x=e'cost, y=e'sint.

d
Show that d_ic) = tan (1 — in). [6]
5 (i) Prove that cot 6 + tan 6 = 2 cosec 26. [3]
1z
(ii) Hence show that J cosec260d6 = %ln 3. [4]
lﬂ'
6

In the diagram, A is a point on the circumference of a circle with centre O and radius r. A circular arc
with centre A meets the circumference at B and C. The angle OAB is 0 radians. The shaded region
is bounded by the circumference of the circle and the arc with centre A joining B and C. The area of
the shaded region is equal to half the area of the circle.

2sin20 -«

i) Show that 20 =
(i) Show that cos26 10

[5]

(ii) Use the iterative formula
2sin20 — =«
1 -1
0,,, =;cos (—49” ),

with initial value 6, = 1, to determine 6 correct to 2 decimal places, showing the result of each
iteration to 4 decimal places. [3]

n
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2x° - Tx -1
Letf() = 2X=T5=1
(x=2)(x"+3)
(i) Express f(x) in partial fractions. [5]

(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x°.

[5]

Throughout this question the use of a calculator is not permitted.

(a) The complex numbers u and v satisfy the equations
u+2v=2i and iu+v=3.

Solve the equations for u and v, giving both answers in the form x + iy, where x and y are real.

[5]

(b) On an Argand diagram, sketch the locus representing complex numbers z satisfying |z + 1| = 1
and the locus representing complex numbers w satisfying arg(w — 2) = %n. Find the least value
of |z — w| for points on these loci. [5]

0

The diagram shows three points A, B and C whose position vectors with respect to the origin O are

given by OA = (—? ), OB = ( g ) and OC = (3) ) The point D lies on BC, between B and C, and is
such that CD = ZZ%B. 1 )

(i) Find the equation of the plane ABC, giving your answer in the form ax + by + cz = d. [6]
(ii) Find the position vector of D. [1]
(iii) Show that the length of the perpendicular from A to OD is % J(65). [4]

[Question 10 is printed on the next page.]
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A tank containing water is in the form of a cone with vertex C. The axis is vertical and the semi-
vertical angle is 60°, as shown in the diagram. At time ¢ = 0, the tank is full and the depth of water
is H. At this instant, a tap at C is opened and water begins to flow out. The volume of water in the
tank decreases at a rate proportional to vA, where 4 is the depth of water at time ¢. The tank becomes
empty when ¢ = 60.

(i) Show that & and ¢ satisfy a differential equation of the form

dh _3
— —_Ah2
dr ’

where A is a positive constant. [4]

(ii) Solve the differential equation given in part (i) and obtain an expression for ¢ in terms of 4 and
H. [6]

(i) Find the time at which the depth reaches $H. [1]

[The volume V of a cone of vertical height 4 and base radius r is given by V = %m’zh.]
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1 Given that 2In(X+4) — InX = In(X + @), express X in terms of a. [4]
2  Use the substitution U = 3X + 1 to find dx. [4]
3X+1

3  The polynomial f(X) is defined by
f(x) = x> + ax* —ax+ 14,

where ais a constant. It is given that (X + 2) is a factor of f(X).

(i) Find the value of a. 2]
(i) Show that, when a has this value, the equation f(X) = 0 has only one real root. [3]
4 A curve has equation 3e*y + ¢*y’ = 14. Find the gradient of the curve at the point (0, 2). [5]

P
5 Itis given that J 4xe 2Xdx = 9, where p is a positive constant.
0

(i) Show that p=2In ( 8p+ 16).

[5]

(ii) Use an iterative process based on the equation in part (i) to find the value of P correct to
3 significant figures. Use a starting value of 3.5 and give the result of each iteration to 5 significant

figures. [3]

6  Two planes have equations 3X—y+2z=9 and X+y -4z = —1.
(i) Find the acute angle between the planes. [3]
(i) Find a vector equation of the line of intersection of the planes. [6]
7 (i) Given that sec 6 + 2 cosec 8 = 3 cosec 26, show that 2 sin 6 + 4 cos 6 = 3. [3]
(i) Express 2sin 0 + 4 cos 0 in the form Rsin(6 + o) where R> 0 and 0° < a < 90°, giving the value
of « correct to 2 decimal places. [3]
(iii) Hence solve the equation sec 6 + 2 cosec 6 = 3 cosec 260 for 0° < 6 < 360°. [4]

: 7X° +8
8 (i) Express 5 in partial fractions. [5]
(1 +X)7(2-3X)
.. X% + 8 . . . . . 2
(i) Hence expand 5 in ascending powers of X up to and including the term in X,
(T+Xx)°(2-3x%)

simplifying the coefficients. [5]

© UCLES 2013 9709/33/0/N/13



PMT

3

9 (a) Without using a calculator, use the formula for the solution of a quadratic equation to solve
(2-i)Z+2z+2+i=0.
Give your answers in the form a + bi. [5]
Lz . .
(b) The complex number W is defined by W = 2e*". In an Argand diagram, the points A, B and
C represent the complex numbers W, W* and W* respectively (where W* denotes the complex

conjugate of W). Draw the Argand diagram showing the points A, B and C, and calculate the
area of triangle ABC. [5]

10

)

A particular solution of the differential equation
d
3y2d—i = 4(y® + 1) cos’X

is such that y = 2 when X = 0. The diagram shows a sketch of the graph of this solution for 0 < X < 27;
the graph has stationary points at A and B. Find the y-coordinates of A and B, giving each coordinate
correct to 1 decimal place. [10]
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1  Use logarithms to solve the equation e* = 3*72, giving your answer correct to 3 decimal places.  [3]

2 (i) Use the trapezium rule with 3 intervals to estimate the value of

2
im

J'; cosec XdX,

1
57

giving your answer correct to 2 decimal places. [3]

(i) Using a sketch of the graph of Yy = cosec X, explain whether the trapezium rule gives an
overestimate or an underestimate of the true value of the integral in part (i). [2]

3 The polynomial ax’ + bx? + X + 3, where a and b are constants, is denoted by p(x). It is given that
(3x+ 1) is a factor of p(X), and that when p(X) is divided by (X — 2) the remainder is 21. Find the
values of a and b. [5]

4  The parametric equations of a curve are

1 3
X = s =tan t,
cos’t y

where 0 <t < ;7.

1
2
. d

(i) Show that d—i = sint. [4]

(i) Hence show that the equation of the tangent to the curve at the point with parameter t is
Yy = Xsint — tant. [3]

5 Throughout this question the use of a calculator isnot permitted.

The complex numbers W and z satisfy the relation

zZ+1
iz+2°

(i) Given that z=1 +1i, find W, giving your answer in the form X + iy, where X and y are real. ~ [4]

(ii) Given instead that W = z and the real part of z is negative, find z, giving your answer in the form
X+ 1Y, where X and Y are real. [4]
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a
6 Itis given that J In(2X)dx = 1, where a > 1.
1

. In2
(i) Show thata = %exp (1 + % ), where exp(X) denotes e*. [6]

(if) Use the iterative formula
1 In2
a,; =5exp(1+ —an

to determine the value of a correct to 2 decimal places. Give the result of each iteration to
4 decimal places. [3]

7  In a certain country the government charges tax on each litre of petrol sold to motorists. The revenue
per year is R million dollars when the rate of tax is X dollars per litre. The variation of R with X is
modelled by the differential equation

" -R

dx

dR (
X

1
— - 0.57) s
where R and X are taken to be continuous variables. When X = 0.5, R=16.8.

(i) Solve the differential equation and obtain an expression for Rin terms of X. [6]

(ii) This model predicts that R cannot exceed a certain amount. Find this maximum value of R.  [3]

8 (i) By first expanding sin(26 + 6), show that
sin36 = 3sin 6 — 4sin’ 6. [4]

. 2sin 6
(i) Show that, after making the substitution X = i/l—;l, the equation X* — X + é\/ 3 =0 can be written

in the form sin36 = 2. [1]

(i) Hence solve the equation
X =X+ 1y3 =0,

giving your answers correct to 3 significant figures. [4]
2
X —8X+
9 Letf(x) = —92
(1-%X)(2-x)
(i) Express f(X) in partial fractions. [5]

(i) Hence obtain the expansion of f(X) in ascending powers of X, up to and including the term in X*.

[5]

10 The line | has equation r = 4i — 9j + 9k + A(=2i + | — 2k). The point A has position vector 3i + 8] + 5k.
(i) Show that the length of the perpendicular from Ato | is 15. [5]

(ii) The line | lies in the plane with equation ax + by — 3z + 1 = 0, where a and b are constants. Find
the values of aand b. [5]

© UCLES 2014 9709/31/0/N/14

PMT



PMT

4

BLANK PAGE

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every reasonable
effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the publisher will
be pleased to make amends at the earliest possible opportunity.

Cambridge International Examinations is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of University of Cambridge Local
Examinations Syndicate (UCLES), which is itself a department of the University of Cambridge.

© UCLES 2014 9709/31/0/N/14



¥ L 2Y%elLll g2eéx

e:Inloglelsls  Cambridge International Examinations
LICMENRYER  Cambridge International Advanced Level

A Level
MATHEMATICS 9709/32
Paper 3 Pure Mathematics 3 (P3) October/November 2014

1 hour 45 minutes

Additional Materials: Answer Booklet/Paper
Graph Paper
List of Formulae (MF9)

READ THESE INSTRUCTIONS FIRST

If you have been given an Answer Booklet, follow the instructions on the front cover of the Booklet.
Write your Centre number, candidate number and name on all the work you hand in.

Write in dark blue or black pen.

You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper clips, glue or correction fluid.

DO NOT WRITE IN ANY BARCODES.

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in
degrees, unless a different level of accuracy is specified in the question.

The use of an electronic calculator is expected, where appropriate.

You are reminded of the need for clear presentation in your answers.

At the end of the examination, fasten all your work securely together.

The number of marks is given in brackets [ ] at the end of each question or part question.

The total number of marks for this paper is 75.

Questions carrying smaller numbers of marks are printed earlier in the paper, and questions carrying larger
numbers of marks later in the paper.

This document consists of 3 printed pages and 1 blank page.

JC14 11_9709_32/FP CAMBRIDGE

© UCLES 2014 5 International Examinations [Turn over

93

PMT



2

1  Use logarithms to solve the equation e* = 3*72, giving your answer correct to 3 decimal places.  [3]

2 (i) Use the trapezium rule with 3 intervals to estimate the value of

2
im

J'; cosec XdX,

1
57

giving your answer correct to 2 decimal places. [3]

(i) Using a sketch of the graph of Yy = cosec X, explain whether the trapezium rule gives an
overestimate or an underestimate of the true value of the integral in part (i). [2]

3 The polynomial ax’ + bx? + X + 3, where a and b are constants, is denoted by p(x). It is given that
(3x+ 1) is a factor of p(X), and that when p(X) is divided by (X — 2) the remainder is 21. Find the
values of a and b. [5]

4  The parametric equations of a curve are

1 3
X = s =tan t,
cos’t y

where 0 <t < ;7.

1
2
. d

(i) Show that d—i = sint. [4]

(i) Hence show that the equation of the tangent to the curve at the point with parameter t is
Yy = Xsint — tant. [3]

5 Throughout this question the use of a calculator isnot permitted.

The complex numbers W and z satisfy the relation

zZ+1
iz+2°

(i) Given that z=1 +1i, find W, giving your answer in the form X + iy, where X and y are real. ~ [4]

(ii) Given instead that W = z and the real part of z is negative, find z, giving your answer in the form
X+ 1Y, where X and Y are real. [4]
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a
6 Itis given that J In(2X)dx = 1, where a > 1.
1

. In2
(i) Show thata = %exp (1 + % ), where exp(X) denotes e*. [6]

(if) Use the iterative formula
1 In2
a,; =5exp(1+ —an

to determine the value of a correct to 2 decimal places. Give the result of each iteration to
4 decimal places. [3]

7  In a certain country the government charges tax on each litre of petrol sold to motorists. The revenue
per year is R million dollars when the rate of tax is X dollars per litre. The variation of R with X is
modelled by the differential equation

" -R

dx

dR (
X

1
— - 0.57) s
where R and X are taken to be continuous variables. When X = 0.5, R=16.8.

(i) Solve the differential equation and obtain an expression for Rin terms of X. [6]

(ii) This model predicts that R cannot exceed a certain amount. Find this maximum value of R.  [3]

8 (i) By first expanding sin(26 + 6), show that
sin36 = 3sin 6 — 4sin’ 6. [4]

. 2sin 6
(i) Show that, after making the substitution X = i/l—;l, the equation X* — X + é\/ 3 =0 can be written

in the form sin36 = 2. [1]

(i) Hence solve the equation
X =X+ 1y3 =0,

giving your answers correct to 3 significant figures. [4]
2
X —8X+
9 Letf(x) = —92
(1-%X)(2-x)
(i) Express f(X) in partial fractions. [5]

(i) Hence obtain the expansion of f(X) in ascending powers of X, up to and including the term in X*.

[5]

10 The line | has equation r = 4i — 9j + 9k + A(=2i + | — 2k). The point A has position vector 3i + 8] + 5k.
(i) Show that the length of the perpendicular from Ato | is 15. [5]

(ii) The line | lies in the plane with equation ax + by — 3z + 1 = 0, where a and b are constants. Find
the values of aand b. [5]
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1  Solve the inequality |3X— 1| < |2X+ 5]. [4]

2  Acurveis defined for0 < 6 < %n by the parametric equations

X=tan®, Yy=2cos’Osinb.

d
Show that d_){ = 6cos’ 0 — 4cos> 6. [5]

3 The polynomial 4x° + ax*> + bx — 2, where a and b are constants, is denoted by p(X). It is given that
(X+ 1) and (X + 2) are factors of p(X).

(i) Find the values of aand b. [4]
(i) When a and b have these values, find the remainder when p(X) is divided by (X* + 1). [3]
4 (i) Show that cos(8 — 60°) + cos(6 + 60°) = cos 6. [3]

cos(2X — 60°) + cos(2X + 60°)
cos(X —60°) + cos(X + 60°)

(ii) Given that = 3, find the exact value of cos X. [4]

5  The complex numbers W and z are defined by W= 5 +3iand z =4 +1i.

(i) Express ™V in the form x + iy, showing all your working and giving the exact values of X and Y.
z

[3]

(ii) Find wz and hence, by considering arguments, show that

tan™! (%) +tan™! (%) = %n. [4]

0.3
6 Itis given that | = J (1+3x)7 dx.
0

(i) Use the trapezium rule with 3 intervals to find an approximation to |, giving the answer correct
to 3 decimal places. [3]

(i) For small values of X, (1 + 3X2)72 ~ 1 + ax’ + bx*. Find the values of the constants a and b.
0.3

Hence, by evaluating J (1 + ax? + bx*) dx, find a second approximation to |, giving the answer
0

correct to 3 decimal places. [5]
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7  The equations of two straight lines are
r=i+4 -2k +A(i+3k) and r =ai+2j—2k+u(i+2j+3ak),
where ais a constant.
(i) Show that the lines intersect for all values of a. 4]
(i) Given that the point of intersection is at a distance of 9 units from the origin, find the possible

values of a. [4]

8 The variables X and Y are related by the differential equation

dy

1
1oy
ax 5XY? sin (gx) .
(i) Find the general solution, giving Y in terms of X. [6]
(i) Given that y = 100 when X = 0, find the value of y when X = 25. [3]
9 (i) Sketch the curve y = In(X+ 1) and hence, by sketching a second curve, show that the equation

X* +In(X+ 1) = 40
has exactly one real root. State the equation of the second curve. [3]

(ii) Verify by calculation that the root lies between 3 and 4. [2]

(iii) Use the iterative formula
X, = 4/(40 = In(x, + 1)),

with a suitable starting value, to find the root correct to 3 decimal places. Give the result of each
iteration to 5 decimal places. [3]

(iv) Deduce the root of the equation
(e¥ - 1) +y =40,

giving the answer correct to 2 decimal places. [2]
10 By first using the substitution U = €, show that

In4 2%
J- ———dax=1In(8). [10]

o e+ 3eX+2
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Solve the inequality |2X— 5| > 32X+ 1|. (4]

Using the substitution U = 3%, solve the equation 3* + 3* = 3* giving your answer correct to
3 significant figures. [5]

The angles 6 and ¢ lie between 0° and 180°, and are such that
tan(6—¢)=3 and tanB+tan¢ = 1.

Find the possible values of 0 and ¢. [6]

The equation X’ — X* — 6 = 0 has one real root, denoted by a.
(i) Find by calculation the pair of consecutive integers between which o lies. [2]

(i) Show that, if a sequence of values given by the iterative formula

xn+1=\/(xn+%)

converges, then it converges to a. [2]

(iii) Use this iterative formula to determine « correct to 3 decimal places. Give the result of each
iteration to 5 decimal places. [3]

The equation of a curve is y = e X tanX, for 0 < X < %n.

. . . d . . . _
(i) Obtain an expression for d—i and show that it can be written in the form e 2(a + btan X)?, where

a and b are constants. [5]
(i) Explain why the gradient of the curve is never negative. [1]
(iii) Find the value of X for which the gradient is least. [1]

The polynomial 8X* + ax® + bx — 1, where a and b are constants, is denoted by p(X). It is given that
(X+ 1) is a factor of p(X) and that when p(X) is divided by (2X + 1) the remainder is 1.

(i) Find the values of aand b. [5]

(i) When a and b have these values, factorise p(X) completely. [3]
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7  The points A, B and C have position vectors, relative to the origin O, given by
1 3 1
— — —
OA:(Z), OB = O) and OC:(l).
1 4

0
The plane mis perpendicular to AB and contains the point C.

(i) Find a vector equation for the line passing through A and B. [2]
(ii) Obtain the equation of the plane m, giving your answer in the form ax + by + cz = d. [2]
(iii) The line through A and B intersects the plane m at the point N. Find the position vector of N

and show that CN = /(13). [5]

8 The variables X and 0 satisfy the differential equation
dx

90 (X +2)sin’26,
and it is given that X = 0 when 0 = 0. Solve the differential equation and calculate the value of X when
0= 411”’ giving your answer correct to 3 significant figures. [9]

9  The complex number 3 — i is denoted by U. Its complex conjugate is denoted by U™,

(i) On an Argand diagram with origin O, show the points A, B and C representing the complex
numbers U, U* and U* — U respectively. What type of quadrilateral is OABC? 4]

"
(i) Showing your working and without using a calculator, express m in the form X + iy, where X

and Y are real. [3]

u*
(iii) By considering the argument of ~ * Prove that

tan”(%) = 2tan71(%). [3]

10

P <

O 1 p

2

v for X = 0, and its maximum point M. The shaded region R
+

is enclosed by the curve, the X-axis and the lines X =1 and X = p.

The diagram shows the curve y = 1

(i) Find the exact value of the X-coordinate of M. [4]

(ii) Calculate the value of p for which the area of R is equal to 1. Give your answer correct to
3 significant figures. [6]
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Solve the inequality |2X— 5| > 32X+ 1|. (4]

Using the substitution U = 3%, solve the equation 3* + 3* = 3* giving your answer correct to
3 significant figures. [5]

The angles 6 and ¢ lie between 0° and 180°, and are such that
tan(6—¢)=3 and tanB+tan¢ = 1.

Find the possible values of 0 and ¢. [6]

The equation X’ — X* — 6 = 0 has one real root, denoted by a.
(i) Find by calculation the pair of consecutive integers between which o lies. [2]

(i) Show that, if a sequence of values given by the iterative formula

xn+1=\/(xn+%)

converges, then it converges to a. [2]

(iii) Use this iterative formula to determine « correct to 3 decimal places. Give the result of each
iteration to 5 decimal places. [3]

The equation of a curve is y = e X tanX, for 0 < X < %n.

. . . d . . . _
(i) Obtain an expression for d—i and show that it can be written in the form e 2(a + btan X)?, where

a and b are constants. [5]
(i) Explain why the gradient of the curve is never negative. [1]
(iii) Find the value of X for which the gradient is least. [1]

The polynomial 8X* + ax® + bx — 1, where a and b are constants, is denoted by p(X). It is given that
(X+ 1) is a factor of p(X) and that when p(X) is divided by (2X + 1) the remainder is 1.

(i) Find the values of aand b. [5]

(i) When a and b have these values, factorise p(X) completely. [3]
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3

7  The points A, B and C have position vectors, relative to the origin O, given by
1 3 1
— — —
OA:(Z), OB = O) and OC:(l).
1 4

0
The plane mis perpendicular to AB and contains the point C.

(i) Find a vector equation for the line passing through A and B. [2]
(ii) Obtain the equation of the plane m, giving your answer in the form ax + by + cz = d. [2]
(iii) The line through A and B intersects the plane m at the point N. Find the position vector of N

and show that CN = /(13). [5]

8 The variables X and 0 satisfy the differential equation
dx

90 (X +2)sin’26,
and it is given that X = 0 when 0 = 0. Solve the differential equation and calculate the value of X when
0= 411”’ giving your answer correct to 3 significant figures. [9]

9  The complex number 3 — i is denoted by U. Its complex conjugate is denoted by U™,

(i) On an Argand diagram with origin O, show the points A, B and C representing the complex
numbers U, U* and U* — U respectively. What type of quadrilateral is OABC? 4]

"
(i) Showing your working and without using a calculator, express m in the form X + iy, where X

and Y are real. [3]

u*
(iii) By considering the argument of ~ * Prove that

tan”(%) = 2tan71(%). [3]

10

P <

O 1 p

2

v for X = 0, and its maximum point M. The shaded region R
+

is enclosed by the curve, the X-axis and the lines X =1 and X = p.

The diagram shows the curve y = 1

(i) Find the exact value of the X-coordinate of M. [4]

(ii) Calculate the value of p for which the area of R is equal to 1. Give your answer correct to
3 significant figures. [6]
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2

Sketch the graph of y = e — 1 where a is a positive constant. [2]

Given that {/(1 + 9X) ~ 1 + 3x+ ax* + bx® for small values of X, find the values of the coefficients a
and b. [3]

A curve has equation
_ 2-tanX
~ 1+tanX’

Find the equation of the tangent to the curve at the point for which X = %n, giving the answer in the
form Y = mX + € where C is correct to 3 significant figures. [6]

A curve has parametric equations
X=t2+3t+1, y=t"+1.

The point P on the curve has parameter p. It is given that the gradient of the curve at P is 4.
(i) Show that p=3/(2p+ 3). [3]
(if) Verify by calculation that the value of p lies between 1.8 and 2.0. [2]

(iii) Use an iterative formula based on the equation in part (i) to find the value of p correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]

1

9 sin 2X

V(4 =3 cosX) X 81

Use the substitution U = 4 — 3 cos X to find the exact value of J
0

The angles A and B are such that
sin(A+45°) = (2v2)cos A and 4sec’B+5=12tanB.

Without using a calculator, find the exact value of tan(A — B). [8]
(i) Show that (X + 1) is a factor of 4X> — X* — 11X — 6. [2]
(i) Find BHIX-1 8]
in !
43 x> - 11x-6

A plane has equation 4X — Yy + 5z = 39. A straight line is parallel to the vector i — 3j + 4k and passes
through the point A (0, 2, —8). The line meets the plane at the point B.

(i) Find the coordinates of B. [3]
(il) Find the acute angle between the line and the plane. [4]

(iii) The point C lies on the line and is such that the distance between C and B is twice the distance
between A and B. Find the coordinates of each of the possible positions of the point C. [3]
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3

(&) Itis given that (1 + 3i)w = 2 + 4i. Showing all necessary working, prove that the exact value of
|W2| is 2 and find arg(W?) correct to 3 significant figures. [6]

(b) Onasingle Argand diagram sketch the loci [z| = 5 and |z - 5| = |z|. Hence determine the complex
numbers represented by points common to both loci, giving each answer in the form re'®.  [4]

Naturalists are managing a wildlife reserve to increase the number of plants of a rare species. The
number of plants at time t years is denoted by N, where N is treated as a continuous variable.

(i) Tt is given that the rate of increase of N with respect to t is proportional to (N — 150). Write
down a differential equation relating N, t and a constant of proportionality. [1]

(ii) Initially, when t = 0, the number of plants was 650. It was noted that, at a time when there were
900 plants, the number of plants was increasing at a rate of 60 per year. Express N in terms of t.

[7]

(iii) The naturalists had a target of increasing the number of plants from 650 to 2000 within 15 years.
Will this target be met? [2]
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1  Solve the equation 5= 8, giving your answer correct to 3 decimal places. [3]

3 —

_3
2 Expand (2 — x)(1 +2x) 2 in ascending powers of x, up to and including the term in x?, simplifying the
coeflicients. [4]

3 Express the equation sec 8 = 3 cos 6 + tan 0 as a quadratic equation in sin 8. Hence solve this equation
for —90° < 6 < 90°. [5]

4  The equation of a curve is xy(x — 6y) = 9a>, where a is a non-zero constant. Show that there is only
one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates of this

point. [7]
5 (i) Prove the identity tan26 — tan 6 = tan 0 sec 26. [4]
Lx
(ii) Hence show that J tan Osec26d0O = %ln % [4]
0

6 (i) By sketching a suitable pair of graphs, show that the equation

1, _1
cosec 5x = 3x+1

has one root in the interval 0 < x < 7. [2]
(i) Show by calculation that this root lies between 1.4 and 1.6. [2]

(iii) Show that, if a sequence of values in the interval O < x < 7 given by the iterative formula

3
- 1
n+1=2sm (x +3)

n

X

converges, then it converges to the root of the equation in part (i). [2]

(iv) Use this iterative formula to calculate the root correct to 3 decimal places. Give the result of each
iteration to 5 decimal places. [3]
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P <

The diagram shows part of the curve y = (2x — xz)e%x and its maximum point M.
(i) Find the exact x-coordinate of M. [4]
(ii) Find the exact value of the area of the shaded region bounded by the curve and the positive x-axis.
[5]
Two planes have equations 3x+y—z=2and x -y + 2z = 3.
(i) Show that the planes are perpendicular. [3]

(ii) Find a vector equation for the line of intersection of the two planes. [6]

Throughout this question the use of a calculator is not permitted.

(a) Solve the equation (1 + 2i)w? + 4w — (1 — 2i) = 0, giving your answers in the form x + iy, where
x and y are real. [5]

(b) On a sketch of an Argand diagram, shade the region whose points represent complex numbers
satisfying the inequalities |z — 1 —i| < 2 and —%n Sargz < %n. [5]

A large field of area 4 km? is becoming infected with a soil disease. At time 7 years the area infected is
dx
xkm? and the rate of growth of the infected area is given by the differential equation i kx(4 - x),

where £ is a positive constant. It is given that when 7 = 0, x = 0.4 and that when 7 = 2, x = 2.
(i) Solve the differential equation and show that k = }tln 3. [9]

(ii) Find the value of r when 90% of the area of the field is infected. [2]
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1  Solve the equation 5= 8, giving your answer correct to 3 decimal places. [3]

3 —

_3
2 Expand (2 — x)(1 +2x) 2 in ascending powers of x, up to and including the term in x?, simplifying the
coeflicients. [4]

3 Express the equation sec 8 = 3 cos 6 + tan 0 as a quadratic equation in sin 8. Hence solve this equation
for —90° < 6 < 90°. [5]

4  The equation of a curve is xy(x — 6y) = 9a>, where a is a non-zero constant. Show that there is only
one point on the curve at which the tangent is parallel to the x-axis, and find the coordinates of this

point. [7]
5 (i) Prove the identity tan26 — tan 6 = tan 0 sec 26. [4]
Lx
(ii) Hence show that J tan Osec26d0O = %ln % [4]
0

6 (i) By sketching a suitable pair of graphs, show that the equation

1, _1
cosec 5x = 3x+1

has one root in the interval 0 < x < 7. [2]
(i) Show by calculation that this root lies between 1.4 and 1.6. [2]

(iii) Show that, if a sequence of values in the interval O < x < 7 given by the iterative formula

3
- 1
n+1=2sm (x +3)

n

X

converges, then it converges to the root of the equation in part (i). [2]

(iv) Use this iterative formula to calculate the root correct to 3 decimal places. Give the result of each
iteration to 5 decimal places. [3]
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P <

The diagram shows part of the curve y = (2x — xz)e%x and its maximum point M.
(i) Find the exact x-coordinate of M. [4]
(ii) Find the exact value of the area of the shaded region bounded by the curve and the positive x-axis.
[5]
Two planes have equations 3x+y—z=2and x -y + 2z = 3.
(i) Show that the planes are perpendicular. [3]

(ii) Find a vector equation for the line of intersection of the two planes. [6]

Throughout this question the use of a calculator is not permitted.

(a) Solve the equation (1 + 2i)w? + 4w — (1 — 2i) = 0, giving your answers in the form x + iy, where
x and y are real. [5]

(b) On a sketch of an Argand diagram, shade the region whose points represent complex numbers
satisfying the inequalities |z — 1 —i| < 2 and —%n Sargz < %n. [5]

A large field of area 4 km? is becoming infected with a soil disease. At time 7 years the area infected is
dx
xkm? and the rate of growth of the infected area is given by the differential equation i kx(4 - x),

where £ is a positive constant. It is given that when 7 = 0, x = 0.4 and that when 7 = 2, x = 2.
(i) Solve the differential equation and show that k = }tln 3. [9]

(ii) Find the value of r when 90% of the area of the field is infected. [2]

© UCLES 2016 9709/32/0/N/16

PMT



4

BLANK PAGE

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every reasonable
effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the publisher will
be pleased to make amends at the earliest possible opportunity.

To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced online in the Cambridge International
Examinations Copyright Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download at www.cie.org.uk after
the live examination series.

Cambridge International Examinations is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of University of Cambridge Local
Examinations Syndicate (UCLES), which is itself a department of the University of Cambridge.

© UCLES 2016 9709/32/0/N/16

PMT



¥28899¢0%2L.x

&:Ipliblel] Cambridge International Examinations
LICMENRYER  Cambridge International Advanced Level

A Level
MATHEMATICS 9709/33
Paper 3 Pure Mathematics 3 (P3) October/November 2016

1 hour 45 minutes
Additional Materials: List of Formulae (MF9)

READ THESE INSTRUCTIONS FIRST

An answer booklet is provided inside this question paper. You should follow the instructions on the front cover
of the answer booklet. If you need additional answer paper ask the invigilator for a continuation booklet.

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in
degrees, unless a different level of accuracy is specified in the question.

The use of an electronic calculator is expected, where appropriate.
You are reminded of the need for clear presentation in your answers.

At the end of the examination, fasten all your work securely together.
The number of marks is given in brackets [ ] at the end of each question or part question.
The total number of marks for this paper is 75.

This document consists of 4 printed pages and 1 insert.

JC16 11_9709_33/2R
© UCLES 2016

[Turn over

PMT



PMT

2

1 [Itis given that z =In(y +2) —In(y + 1). Express y in terms of z. [3]

sin x

2  Theequation of a curveisy = , for —m < x < m. Show that the gradient of the curve is positive

1+cosx
for all x in the given interval. (4]

3 Express the equation cot26 = 1 + tan 0 as a quadratic equation in tan 6. Hence solve this equation for
0° < 6 < 180°. (6]

4  The polynomial 4x* + ax® + 11x + b, where a and b are constants, is denoted by p(x). It is given that
p(x) is divisible by x> — x + 2.

(i) Find the values of a and b. [5]
(i) When a and b have these values, find the real roots of the equation p(x) = 0. [2]
5
y
P(x,y)
Ol N P X
The diagram shows a variable point P with coordinates (x, y) and the point N which is the foot of the
perpendicular from P to the x-axis. P moves on a curve such that, for all x > 0, the gradient of the
curve is equal in value to the area of the triangle OPN, where O is the origin.
(i) State a differential equation satisfied by x and y. [1]
The point with coordinates (0, 2) lies on the curve.
(ii) Solve the differential equation to obtain the equation of the curve, expressing y in terms of x.
[5]
(iii) Sketch the curve. [1]
4
-1
6 Les= | W91 g
2(x + /x)

1

u-—1

2
(i) Using the substitution u = 4/x, show that I = J- [3]

u+1
1

(i) Hence show that/ = 1+Ing. (6]
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7  Throughout this question the use of a calculator is not permitted.
The complex number z is defined by z = (v2) — (vV6)i. The complex conjugate of z is denoted by z*.
(i) Find the modulus and argument of z. [2]

(ii) Express each of the following in the form x + iy, where x and y are real and exact:

(@) z+2z%
(b) f—z
4]

(iii) On a sketch of an Argand diagram with origin O, show the points A and B representing the

complex numbers z* and iz respectively. Prove that angle AOB is equal to én. [3]

32 +x+6

8 Let f()C) = m

(i) Express f(x) in partial fractions. [5]

(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]

P <

o a

NI—
Q

. k .
The diagram shows the curves y = xcosx and y = —, where k is a constant, for 0 < x < %7‘[. The curves
X

touch at the point where x = a.

2
(i) Show that a satisfies the equation tana = —. [5]
a

.. . . 4 2 . . .
(ii) Use the iterative formula a ae] = tan 1(—) to determine a correct to 3 decimal places. Give the

a
n
result of each iteration to 5 decimal places. [3]
(iii) Hence find the value of k correct to 2 decimal places. [2]

[Question 10 is printed on the next page.]
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10 The line / has vector equation r =i + 2j + K + A(2i — j + k).

(i) Find the position vectors of the two points on the line whose distance from the origin is /(10).

[5]

(ii) The plane p has equation ax + y + z = 5, where a is a constant. The acute angle between the line
[ and the plane p is equal to sin”! (%) Find the possible values of a. [5]
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1  Find the quotient and remainder when x* is divided by x> + 2x — 1. [3]
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2 Two variable quantities x and y are believed to satisfy an equation of the form y = C(a"*), where C and
a are constants. An experiment produced four pairs of values of x and y. The table below gives the

corresponding values of x and In y.

X

0.9

1.6

2.4

3.2

Iny

1.7

1.9

23

2.6

By plotting Iny against x for these four pairs of values and drawing a suitable straight line, estimate

the values of C and a. Give your answers correct to 2 significant figures.

Iny
A

[5]
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3 The equation x> = 3x + 7 has one real root, denoted by a.

(i) Show by calculation that « lies between 2 and 3. [2]
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Two iterative formulae, A and B, derived from this equation are as follows:

W=

X, =0x,+7)3, A)
xfl -7
xn+1 = 3 (B)

Each formula is used with initial value X, = 2.5.

(ii) Show that one of these formulae produces a sequence which fails to converge, and use the other
formula to calculate o correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [4]
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4 (i) Prove the identity tan(45° + x) + tan(45° — x) = 2 sec 2x. [4]
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(ii) Hence sketch the graph of y = tan(45° + x) + tan(45° — x) for 0° < x < 90°. [3]
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5  The equation of a curve is 2x* + xy° + y* = 10.

d 8x> +y?
(i) Show that —2 = —— 2 __
dx 3xy” + 4y

© UCLES 2017 9709/31/0/N/17
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(ii) Hence show that there are two points on the curve at which the tangent is parallel to the x-axis
and find the coordinates of these points. [4]
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6  The variables x and y satisfy the differential equation

3 2
R 4 t s
=4COS ytltanx

forO<x< %n, and x =0 when y = %n. Solve this differential equation and find the value of x when
-1 8
y =37 [8]

© UCLES 2017 9709/31/0/N/17
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7 (a) The complex number u is given by u = 8 — 15i. Showing all necessary working, find the two
square roots of u. Give answers in the form a + ib, where the numbers a and b are real and exact.

[5]
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(b) On an Argand diagram, shade the region whose points represent complex numbers satisfying
both the inequalities [z -2 —i| <2 and 0 < arg(z—1) < %7‘[. [4]
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8 Letf(x)= M
C(x+2)(2x-1)
(i) Express f(x) in the form A + B + = [4]
P x+2 2x-1°
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4
(ii) Hence show that -[ f(x)dx =6+ %ln(17—6). [5]
I
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P <

(0 2

-1
The diagram shows the curve y = (1 + x?)e 2" for x > 0. The shaded region R is enclosed by the curve,
the x-axis and the lines x = 0 and x = 2.

(i) Find the exact values of the x-coordinates of the stationary points of the curve. [4]
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42
(ii) Show that the exact value of the area of Ris 18 — —. [5]
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10 Theequations of two lines/and marer = 3i —j— 2k + A(—i + j + 4k) and r = 4i + 4j — 3k + p(2i + j — 2k)

respectively.
(i) Show that the lines do not intersect. [3]
(if) Calculate the acute angle between the directions of the lines. [3]
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(iii) Find the equation of the plane which passes through the point (3, -2, —1) and which is parallel
to both / and m. Give your answer in the form ax + by + cz = d. [5]
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1

y
A
_d—d-/

S

. ' > X

-1.2 o 1.2
The diagram shows a sketch of the curve y = W for values of x from —1.2 to 1.2.
- X

(i) Use the trapezium rule, with two intervals, to estimate the value of

1.2 3
J 3 dx’
-12 \/(9 -X )
giving your answer correct to 2 decimal places. [3]

(ii) Explain, with reference to the diagram, why the trapezium rule may be expected to give a good
approximation to the true value of the integral in this case. [1]
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2 Showing all necessary working, solve the equation 2log, x = 3 + log,(x + 1), giving your answer
correct to 3 significant figures. [5]
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3 By expressing the equation tan(6 + 60°) + tan(6 — 60°) = cot 6 in terms of tan 6 only, solve the equation
for 0° < 6 < 90°. [5]
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. . 2 —sinx . o : 1 1
4  The curve with equation y = ——— has one stationary point in the interval —37 < x < 3.
cosx
(i) Find the exact coordinates of this point. [5]
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(ii) Determine whether this point is a maximum or a minimum point. [2]
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5  The variables x and y satisfy the differential equation
dy
+1)—= = +2),
(x+ 1) 57 =y(x+2)

and it is given that y = 2 when x = 1. Solve the differential equation and obtain an expression for y in
terms of x. [7]
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6  The equation of a curve is x>y — 3xy® = 2a*, where a is a non-zero constant.

. dy 3x*y-3y°
(l) Show that ay = # [4]
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(ii) Hence show that there are only two points on the curve at which the tangent is parallel to the
x-axis and find the coordinates of these points. [4]
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7  Throughout this question the use of a calculator is not permitted.
The complex number 1 — (v3)i is denoted by u.

(i) Find the modulus and argument of u. [2]

© UCLES 2017 9709/32/0/N/17
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(iii) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
satisfying both the inequalities |z — #| < 2 and Re z > 2, where Re z denotes the real part of z.

[4]
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8x>+9x+8

8 Letf(x)= 0D 137

(i) Express f(x) in partial fractions. [5]
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(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]
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a
9 Itis given that J

x2Inxdx =2, wherea > 1.
1

3

3 74242

(i) Show that a2 a .
3lna
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(ii) Show by calculation that a lies between 2 and 4.

3.\

7+2afl i
Y17\ 3na
n

to determine a correct to 3 decimal places. Give the result of each iteration to 5 decimal places.

[3]

(iii) Use the iterative formula
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10 Two planes p and g have equations x +y + 3z = 8 and 2x — 2y + z = 3 respectively.

(i) Calculate the acute angle between the planes p and q. [4]

(ii) The point A on the line of intersection of p and g has y-coordinate equal to 2. Find the equation
of the plane which contains the point A and is perpendicular to both the planes p and g. Give
your answer in the form ax + by + cz = d. [7]
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1  Find the quotient and remainder when x* is divided by x> + 2x — 1. [3]
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2 Two variable quantities x and y are believed to satisfy an equation of the form y = C(a"*), where C and
a are constants. An experiment produced four pairs of values of x and y. The table below gives the

corresponding values of x and In y.

X

0.9

1.6

2.4

3.2

Iny

1.7

1.9

23

2.6

By plotting Iny against x for these four pairs of values and drawing a suitable straight line, estimate

the values of C and a. Give your answers correct to 2 significant figures.

Iny
A

[5]
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3 The equation x> = 3x + 7 has one real root, denoted by a.

(i) Show by calculation that « lies between 2 and 3. [2]

© UCLES 2017 9709/33/0/N/17
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Two iterative formulae, A and B, derived from this equation are as follows:

W=

X, =0x,+7)3, A)
xfl -7
xn+1 = 3 (B)

Each formula is used with initial value X, = 2.5.

(ii) Show that one of these formulae produces a sequence which fails to converge, and use the other
formula to calculate o correct to 2 decimal places. Give the result of each iteration to 4 decimal
places. [4]
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4 (i) Prove the identity tan(45° + x) + tan(45° — x) = 2 sec 2x. [4]
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(ii) Hence sketch the graph of y = tan(45° + x) + tan(45° — x) for 0° < x < 90°. [3]
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5  The equation of a curve is 2x* + xy° + y* = 10.

d 8x> +y?
(i) Show that —2 = —— 2 __
dx 3xy” + 4y
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(ii) Hence show that there are two points on the curve at which the tangent is parallel to the x-axis
and find the coordinates of these points. [4]
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6  The variables x and y satisfy the differential equation

3 2
R 4 t s
=4COS ytltanx

forO<x< %n, and x =0 when y = %n. Solve this differential equation and find the value of x when
-1 8
y =37 [8]
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7 (a) The complex number u is given by u = 8 — 15i. Showing all necessary working, find the two
square roots of u. Give answers in the form a + ib, where the numbers a and b are real and exact.

[5]
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(b) On an Argand diagram, shade the region whose points represent complex numbers satisfying
both the inequalities [z -2 —i| <2 and 0 < arg(z—1) < %7‘[. [4]
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8 Letf(x)= M
C(x+2)(2x-1)
(i) Express f(x) in the form A + B + = [4]
P x+2 2x-1°

© UCLES 2017 9709/33/0/N/17



PMT

15

4
(ii) Hence show that -[ f(x)dx =6+ %ln(17—6). [5]
I
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P <

(0 2

-1
The diagram shows the curve y = (1 + x?)e 2" for x > 0. The shaded region R is enclosed by the curve,
the x-axis and the lines x = 0 and x = 2.

(i) Find the exact values of the x-coordinates of the stationary points of the curve. [4]
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42
(ii) Show that the exact value of the area of Ris 18 — —. [5]
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10 Theequations of two lines/and marer = 3i —j— 2k + A(—i + j + 4k) and r = 4i + 4j — 3k + p(2i + j — 2k)

respectively.
(i) Show that the lines do not intersect. [3]
(if) Calculate the acute angle between the directions of the lines. [3]
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(iii) Find the equation of the plane which passes through the point (3, -2, —1) and which is parallel
to both / and m. Give your answer in the form ax + by + cz = d. [5]
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1  Find the set of values of x satisfying the inequality 2|2x — a| < |x + 3a|, where a is a positive constant.

[4]
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. : . 2et+e™ .
2 Showing all necessary working, solve the equation ————- = 4, giving your answer correct to
e —e
2 decimal places. (4]
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3 (i) By sketching a suitable pair of graphs, show that the equation x> = 3 — x has exactly one real
root. (2]

(ii) Show that if a sequence of real values given by the iterative formula

2x,31 +3
X =
nl 3x,21 +1

converges, then it converges to the root of the equation in part (i). [2]
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(iii) Use this iterative formula to determine the root correct to 3 decimal places. Give the result of
each iteration to 5 decimal places. [3]
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4  The parametric equations of a curve are
Xx=2sin60 +sin20, y=2cos8+ cos?26,

where 0 < 0 < 7.

d
(i) Obtain an expression for ay in terms of 6. [3]
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(ii) Hence find the exact coordinates of the point on the curve at which the tangent is parallel to the
y-axis. [4]
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5 The coordinates (x, y) of a general point on a curve satisfy the differential equation
dy 2
= =(2- .
x5 = @2y

The curve passes through the point (1, 1). Find the equation of the curve, obtaining an expression for
y in terms of x. [7]
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6 (i) Show that the equation (v/2) cosec x + cotx = v/3 can be expressed in the form R sin(x — a) = v2,
where R > 0 and 0° < a < 90°. [4]
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(ii) Hence solve the equation (v2) cosec x + cot x = v/3, for 0° < x < 180°. (4]
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P <

(0]

=

The diagram shows the curve y = 5 sinx cosx for 0 < x < 1z, and its maximum point M. The shaded

2
region R is bounded by the curve and the x-axis.

(i) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [5]
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(ii) Using the substitution u# = sinx and showing all necessary working, find the exact area of R. [4]
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2+ 3i i
8 (a) Showing all necessary working, express the complex number 1 ! in the form re'®, where r > 0
i

and —7 < 0 < 7. Give the values of r and 0 correct to 3 significant figures. [5]
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(b) On an Argand diagram sketch the locus of points representing complex numbers z satisfying the
equation |z — 3 + 2i| = 1. Find the least value of |z| for points on this locus, giving your answer
in an exact form. [4]
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6x> +8x+9

9 Letf(x)= SR

(i) Express f(x) in partial fractions. [5]
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0
(ii) Hence, showing all necessary working, show that J f(x)dx =1+ %ln(%). [5]
-1

© UCLES 2018 9709/31/0/N/18 [Turn over



PMT

18

10 The planes m and n have equations 3x + y — 2z = 10 and x — 2y + 2z = 5 respectively. The line / has
equation r = 4i + 2j + k + A(i + j + 2Kk).

(i) Show that [ is parallel to m. [3]
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(iii) A point P lies on the line /. The perpendicular distance of P from the plane 7 is equal to 2. Find
the position vectors of the two possible positions of P. [4]
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1  Solve the inequality 3|2x — 1| > |x + 4. [4]
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2 Showing all necessary working, solve the equation sin(6 — 30°) + cos 8 = 2sin 0, for 0° < 6 < 180°.

[4]
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1
3 () Find J = dx. (3]
X
?
(i) Hence show that J- —dx = (3 -1n4). 2]
X
1

© UCLES 2018 9709/32/0/N/18
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4  Showing all necessary working, solve the equation

e +e

e’ +1

—X

=4,

giving your answer correct to 3 decimal places. [5]
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5  The equation of a curve is y = xIn(8 — x). The gradient of the curve is equal to 1 at only one point,
when x = a.

[3]

(i) Show that a satisfies the equation x = 8 — m

© UCLES 2018 9709/32/0/N/18
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(ii) Verify by calculation that a lies between 2.9 and 3.1. [2]

(iii) Use an iterative formula based on the equation in part (i) to determine a correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]
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6 A certain curve is such that its gradient at a general point with coordinates (x, y) is proportional to

2
Y The curve passes through the points with coordinates (1, 1) and (e, 2). By setting up and solving
X

a differential equation, find the equation of the curve, expressing y in terms of x. [8]
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. 3cosx 1 1
7 A curve has equationy = ———, —5T S XS 57
2 +sinx
(i) Find the exact coordinates of the stationary point of the curve. [6]
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a
. . 3cosx i .
(i) The constant a is such that > sinx dx = 1. Find the value of a, giving your answer correct
sinx
0
to 3 significant figures. [4]
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7x* —15x + 8

8 Letf(x)= 02002 2P

(i) Express f(x) in partial fractions. [5]
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(ii) Hence obtain the expansion of f(x) in ascending powers of x, up to and including the term in x.

[5]
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1, .
in the form x + iy, where x

2+
9 (a) (i) Without using a calculator, express the complex number 1

and y are real. [2]

2 +6i
(i) Hence, without using a calculator, express ) in the form r(cos 6 +isin 6), where r > 0
i

and —7 < 0 < &, giving the exact values of r and 6. [3]
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(b) On a sketch of an Argand diagram, shade the region whose points represent complex numbers z
satisfying both the inequalities |z — 3i| < 1 and Re z < 0, where Re z denotes the real part of z.

Find the greatest value of arg z for points in this region, giving your answer in radians correct to
2 decimal places. [5]
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10 The line / has equation r = 5i — 3j — k + A(i — 2j + k). The plane p has equation
(r—-i-2j).3i+j+k)=0.

The line / intersects the plane p at the point A.

(i) Find the position vector of A. [3]
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(ii) Calculate the acute angle between [ and p. [4]

[Question 10 (iii) is printed on the next page.]
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(>iii) Find the equation of the line which lies in p and intersects / at right angles. [4]
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1  Find the set of values of x satisfying the inequality 2|2x — a| < |x + 3a|, where a is a positive constant.

[4]
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. : . 2et+e™ .
2 Showing all necessary working, solve the equation ————- = 4, giving your answer correct to
e —e
2 decimal places. (4]
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3 (i) By sketching a suitable pair of graphs, show that the equation x> = 3 — x has exactly one real
root. (2]

(ii) Show that if a sequence of real values given by the iterative formula

2x,31 +3
X =
nl 3x,21 +1

converges, then it converges to the root of the equation in part (i). [2]
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(iii) Use this iterative formula to determine the root correct to 3 decimal places. Give the result of
each iteration to 5 decimal places. [3]
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4  The parametric equations of a curve are
Xx=2sin60 +sin20, y=2cos8+ cos?26,

where 0 < 0 < 7.

d
(i) Obtain an expression for ay in terms of 6. [3]
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(ii) Hence find the exact coordinates of the point on the curve at which the tangent is parallel to the
y-axis. [4]
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5 The coordinates (x, y) of a general point on a curve satisfy the differential equation
dy 2
= =(2- .
x5 = @2y

The curve passes through the point (1, 1). Find the equation of the curve, obtaining an expression for
y in terms of x. [7]
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6 (i) Show that the equation (v/2) cosec x + cotx = v/3 can be expressed in the form R sin(x — a) = v2,
where R > 0 and 0° < a < 90°. [4]
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(ii) Hence solve the equation (v2) cosec x + cot x = v/3, for 0° < x < 180°. (4]
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P <

(0]

=

The diagram shows the curve y = 5 sinx cosx for 0 < x < 1z, and its maximum point M. The shaded

2
region R is bounded by the curve and the x-axis.

(i) Find the x-coordinate of M, giving your answer correct to 3 decimal places. [5]
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(ii) Using the substitution u# = sinx and showing all necessary working, find the exact area of R. [4]
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2+ 3i i
8 (a) Showing all necessary working, express the complex number 1 ! in the form re'®, where r > 0
i

and —7 < 0 < 7. Give the values of r and 0 correct to 3 significant figures. [5]
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(b) On an Argand diagram sketch the locus of points representing complex numbers z satisfying the
equation |z — 3 + 2i| = 1. Find the least value of |z| for points on this locus, giving your answer
in an exact form. [4]
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6x> +8x+9

9 Letf(x)= SR

(i) Express f(x) in partial fractions. [5]
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0
(ii) Hence, showing all necessary working, show that J f(x)dx =1+ %ln(%). [5]
-1
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10 The planes m and n have equations 3x + y — 2z = 10 and x — 2y + 2z = 5 respectively. The line / has
equation r = 4i + 2j + k + A(i + j + 2Kk).

(i) Show that [ is parallel to m. [3]
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(iii) A point P lies on the line /. The perpendicular distance of P from the plane 7 is equal to 2. Find
the position vectors of the two possible positions of P. [4]
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1 Given that ln(l +e> ) = x, express y in terms of x. [3]
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2 Solve the inequality |2x — 3| > 4|x + 1|. (4]
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3  The parametric equations of a curve are

x=2t+sin2¢, y=In(l-cos2t).

d
Show that ay = cosec 2¢. [5]
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4  The number of insects in a population ¢ weeks after the start of observations is denoted by N. The
population is decreasing at a rate proportional to Ne *%%. The variables N and ¢ are treated as

dN
continuous, and it is given that when # = 0, N = 1000 and a =-10.

(i) Show that N and t satisfy the differential equation
dN

— =-0.01e 0% N. 1
T e [1]
(if) Solve the differential equation and find the value of # when N = 800. [6]
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5  The curve with equation y = e >* In(x — 1) has a stationary point when x = p.

(i) Show that p satisfies the equation x = 1 + exp( ) where exp(x) denotes e*. [3]

1
2(x—1)
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(ii) Verify by calculation that p lies between 2.2 and 2.6. [2]

(iii) Use an iterative formula based on the equation in part (i) to determine p correct to 2 decimal
places. Give the result of each iteration to 4 decimal places. [3]
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d
6 (i) By differentiating c?sx, show that if y = cotx then Y__ cosec’x. [2]
sinx dx
in
(ii) Show that ,[1 xcosec’xdx = (m +1In4). (6]
77
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7  Two lines / and m have equations r = ai + 2j + 3k + A(i — 2j + 3k) and r = 2i + j + 2k + p(2i — j + k)
respectively, where a is a constant. It is given that the lines intersect.

(i) Find the value of a. (4]
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(ii) When a has this value, find the equation of the plane containing / and m. [5]
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X +x+6

8 Let f(X) = m

(i) Express f(x) in partial fractions. [5]
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4

(ii) Hence, showing full working, show that the exact value of J f(x)dx is %. [5]
1
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9 (i) By first expanding cos(2x + x), show that cos 3x = 4 cos>x — 3 cos x. [4]
(ii) Hence solve the equation cos3x +3cosx+ 1 =0, for0 < x < 7. [2]
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10 (a) The complex number u is given by u = =3 — (24/10)i. Showing all necessary working and without
using a calculator, find the square roots of u. Give your answers in the form a + ib, where the
numbers a and b are real and exact. [5]

© UCLES 2019 9709/31/0O/N/19



PMT

19
(b) On a sketch of an Argand diagram shade the region whose points represent complex numbers

z satisfying the inequalities |z — 3 —i| < 3, argz > é—lln and Imz > 2, where Im z denotes the
imaginary part of the complex number z. [5]
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1  Solve the equation 5 ln(4 -3 ) = 6. Show all necessary working and give the answer correct to
3 decimal places. [3]
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—2x dy
2 The curve with equation y = 5 has a stationary point in the interval -1 < x < 1. Find i and
- X
hence find the x-coordinate of this stationary point, giving the answer correct to 3 decimal places.

[5]

© UCLES 2019 9709/32/0/N/19



PMT

5

3 The polynomial x* + 3x> + ax + b, where a and b are constants, is denoted by p(x). When p(x) is
divided by x> + x — 1 the remainder is 2x + 3. Find the values of @ and b. [5]
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4 (i) Express (v6)sinx + cos.x in the form R sin(x + &), where R > 0 and 0° < a < 90°. State the exact
value of R and give a correct to 3 decimal places. [3]
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(ii) Hence solve the equation (v6) sin26 + cos 26 = 2, for 0° < 6 < 180°. [4]
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5  The equation of a curve is 2x’y — xy*> = a’, where a is a positive constant. Show that there is only one
point on the curve at which the tangent is parallel to the x-axis and find the y-coordinate of this point.

[7]
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6  The variables x and 0 satisfy the differential equation

dx
sin%eﬁ =(x+2)cos %6

for 0 < 8 < m. It is given that x = 1 when 6 = %7:. Solve the differential equation and obtain an

expression for x in terms of cos 6. [8]
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7 (a) Find the complex number z satisfying the equation
k

iz
z+—-2=0,
z

where z* denotes the complex conjugate of z. Give your answer in the form x + iy, where x and
y are real. [5]
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(b) (i) On asingle Argand diagram sketch the loci given by the equations |z —2i| =2 and Imz = 3,
where Im z denotes the imaginary part of z. [2]

(ii) In the first quadrant the two loci intersect at the point P. Find the exact argument of the
complex number represented by P. [2]
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232 +x+8

8 Letf(x)= -2 12)

(i) Express f(x) in partial fractions. [5]
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5

(ii) Hence, showing full working, find J f(x) dx, giving the answer in the form In ¢, where c¢ is an
1
integer. [5]
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a
9 Itis given that J X cos %xdx = 3, where the constant a is such that 0 < a < %n
0
(i) Show that a satisfies the equation
4 —3cos %a
sinza
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(ii) Verify by calculation that a lies between 2.5 and 3. [2]

(iii) Use an iterative formula based on the equation in part (i) to calculate a correct to 3 decimal
places. Give the result of each iteration to 5 decimal places. [3]
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10 The line / has equation r = i + 3j — 2k + A(i — 2j + 3k). The plane p has equation 2x +y —3z = 5.

(i) Find the position vector of the point of intersection of / and p. [3]
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(iii) A second plane ¢ is perpendicular to the plane p and contains the line /. Find the equation of ¢,
giving your answer in the form ax + by + cz =d. [5]

© UCLES 2019 9709/32/0/N/19



PMT

20
Additional Page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every reasonable
effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the publisher will
be pleased to make amends at the earliest possible opportunity.

To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced online in the Cambridge Assessment
International Education Copyright Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download at
www.cambridgeinternational.org after the live examination series.

Cambridge Assessment International Education is part of the Cambridge Assessment Group. Cambridge Assessment is the brand name of the University of
Cambridge Local Examinations Syndicate (UCLES), which itself is a department of the University of Cambridge.

© UCLES 2019 9709/32/0/N/19



*62920L6¢¢gYx

e=lnloglelsls  Cambridge Assessment International Education
LICMENRYER  Cambridge International Advanced Level

A Level

CANDIDATE
NAME

CENTRE CANDIDATE
NUMBER NUMBER

MATHEMATICS 9709/33

Paper 3 Pure Mathematics 3 (P3) October/November 2019
1 hour 45 minutes

Candidates answer on the Question Paper.

Additional Materials: List of Formulae (MF9)

READ THESE INSTRUCTIONS FIRST

Write your centre number, candidate number and name in the spaces at the top of this page.
Write in dark blue or black pen.

You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper clips, glue or correction fluid.

DO NOT WRITE IN ANY BARCODES.

Answer all the questions in the space provided. If additional space is required, you should use the lined page
at the end of this booklet. The question number(s) must be clearly shown.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in
degrees, unless a different level of accuracy is specified in the question.

The use of an electronic calculator is expected, where appropriate.

You are reminded of the need for clear presentation in your answers.

At the end of the examination, fasten all your work securely together.
The number of marks is given in brackets [ ] at the end of each question or part question.
The total number of marks for this paper is 75.

This document consists of 19 printed pages and 1 blank page.

Cambridge Assessment
International Education [Turn over

JC19 11_9709_33/RP
© UCLES 2019

PMT



PMT

2

BLANK PAGE

© UCLES 2019 9709/33/0O/N/19



PMT

1  Solve the inequality 2|x + 2| > |3x — 1]. (4]
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2 The polynomial 6x° + ax? + bx — 2, where a and b are constants, is denoted by p(x). It is given that
(2x + 1) is a factor of p(x) and that when p(x) is divided by (x + 2) the remainder is —24. Find the
values of a and b. [5]
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2x 3~
3 Showing all necessary working, solve the equation ———— = 4. Give your answer correct to
37 -37*
3 decimal places. [4]
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4 (i) By first expanding tan(2x + x), show that the equation tan 3x = 3 cotx can be written in the form
tan*x — 12tan’x + 3 = 0. [4]
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(ii) Hence solve the equation tan 3x = 3 cotx for 0° < x < 90°. [3]
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5 (i) By sketching a suitable pair of graphs, show that the equation In(x + 2) = 4e™ has exactly one
real root. [2]
(ii) Show by calculation that this root lies between x = 1 and x = 1.5. [2]
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(iii) Use the iterative formula x, to determine the root correct to 2 decimal places.

4

o)
In(x, +2)

Give the result of each iteration to 4 decimal places. [3]
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6  Throughout this question the use of a calculator is not permitted.
The complex number with modulus 1 and argument %7: is denoted by w.

(i) Express w in the form x + iy, where x and y are real and exact. [1]

The complex number 1 + 2i is denoted by u. The complex number v is such that |v| = 2|u| and

argv = argu + %7‘[.

(if) Sketch an Argand diagram showing the points representing u and v. [2]
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(iii) Explain why v can be expressed as 2uw. Hence find v, giving your answer in the form a + ib,
where a and b are real and exact. [4]
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7  The plane m has equation x + 4y — 8z = 2. The plane 7 is parallel to m and passes through the point
P with coordinates (5, 2, -2).

(i) Find the equation of n, giving your answer in the form ax + by + cz = d. [2]
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(iii) The line / lies in the plane n, passes through the point P and is perpendicular to OP, where O is
the origin. Find a vector equation for /. [4]
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8

y

A .
I
:
I
I
I
I
I
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[}
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[}
I
I
I
I
1
I
I
|
I
L » X

The diagram shows the graph of y = secx for 0 < x < %7‘[.
1.2
(i) Use the trapezium rule with 2 intervals to estimate the value of J sec x dx, giving your answer
0
correct to 2 decimal places. [3]

(ii) Explain, with reference to the diagram, whether the trapezium rule gives an overestimate or an
underestimate of the true value of the integral in part (i). [1]

© UCLES 2019 9709/33/0O/N/19



PMT

15

(iii) P is the point on the part of the curve y = secx for 0 < x < %7: at which the gradient is 2. By first

differentiating , find the x-coordinate of P, giving your answer correct to 3 decimal places.

[6]

COS X
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dx
9  The variables x and ¢ satisfy the differential equation 55 = (20 —x)(40 — x). Itis given that x = 10
when 7 = 0.

(i) Using partial fractions, solve the differential equation, obtaining an expression for x in terms of 7.

[9]
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10

P <

0] T

The diagram shows the graph of y = e“5* sin®x for 0 < x < 7, and its maximum point M. The shaded

region R is bounded by the curve and the x-axis.

(i) Find the x-coordinate of M. Show all necessary working and give your answer correct to 2 decimal
places. [5]
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(ii) By first using the substitution u# = cosx, find the exact value of the area of R. [7]
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(c) Statewhthp B tah ala b xwh ntb con eslarg . 1L
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1  Solve the inequality |2x — 5| > 3|2x + 1]. (4]
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2 Using the substitution u = 3%, solve the equation 3 + 3%* = 3** giving your answer correct to 3 significant
g q g gy g
figures. [5]
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3  The angles 0 and ¢ lie between 0° and 180°, and are such that
tan(0—¢) =3 and tanB+tan¢ = 1.

Find the possible values of 6 and ¢. [6]

© UCLES 2016 9709/03/SP/17



PMT

© UCLES 2016 9709/03/SP/17 [Turn over



PMT

6

4  The equation x> — x*> — 6 = 0 has one real root, denoted by c.

(i) Find by calculation the pair of consecutive integers between which « lies. [2]

(ii) Show that, if a sequence of values given by the iterative formula

n+l1 n xn

converges, then it converges to . [2]
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(iii) Use this iterative formula to determine o correct to 3 decimal places. Give the result of each
iteration to 5 decimal places. [3]
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5  The equation of a curve is y = e > tanx, for 0 < x < %

. . d . . . _
(i) Obtain an expression for ay and show that it can be written in the form e >*(a + b tan x)?, where

a and b are constants. [5]
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(ii) Explain why the gradient of the curve is never negative. [1]
(iii) Find the value of x for which the gradient is least. [1]
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6  The polynomial 8x> + ax? + bx — 1, where a and b are constants, is denoted by p(x). It is given that
(x + 1) is a factor of p(x) and that when p(x) is divided by (2x + 1) the remainder is 1.

(i) Find the values of a and b. [5]
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(ii) When a and b have these values, factorise p(x) completely. [3]
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7  The points A, B and C have position vectors, relative to the origin O, given by

(1 ., (3 (!
OA=|2|, oB=|0]| and OC=|1]|.
0 1 4

The plane m is perpendicular to AB and contains the point C.

(i) Find a vector equation for the line passing through A and B. [2]
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(iii) The line through A and B intersects the plane m at the point N. Find the position vector of N and
show that CN = 4/(13). [5]

© UCLES 2016 9709/03/SP/17 [Turn over



PMT

14
8 The variables x and 0 satisfy the differential equation

dx
— = (x+2)sin?26,

do
and it is given that x = 0 when 0 = 0. Solve the differential equation and calculate the value of x when
0= %n, giving your answer correct to 3 significant figures. [9]
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9  The complex number 3 —1i is denoted by u. Its complex conjugate is denoted by u*.

(i) On an Argand diagram with origin O, show the points A, B and C representing the complex
numbers u, u™ and u™ — u respectively. What type of quadrilateral is OABC? [4]

(ii) Showing your working and without using a calculator, express — in the form x + iy, where x
u

and y are real. [3]
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(iii) By considering the argument of —, prove that
u

tan_l(
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10
y
A
M
R
P X
O 1 p
2
The diagram shows the curve y = 0 for x = 0, and its maximum point M. The shaded region R
+ X

is enclosed by the curve, the x-axis and the lines x = 1 and x = p.

(i) Find the exact value of the x-coordinate of M. [4]
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(ii) Calculate the value of p for which the area of R is equal to 1. Give your answer correct to
3 significant figures. [6]
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