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After completing this chapter you will know how to:

e solve first order differential equations by separation
of variables and sketch members of the family of
solution curves

e solve first order differential equations by the use of an
integrating factor

e use a given substitution to transform a differential
equation into one that can be solved.

First order
differential equations

L
e Wy

First order differential equations enable you to solve problems concerning
radioactive decay, mixing fluids, cooling materials and bodies falling under
gravity against resistance.

With the help of first order differential equation models you can also study
population growth of people, of animals and of micro-organisms.

The simplest such population model is the exponential model, which
assumes that the rate of change of the population is proportional to the
population P,

i.e. dpP _ kP where k is constant.

dt
The French mathematician, Pierre F. Verhulst, in 1838, and later the American
Raymond Pearl, in 1920, worked to develop the exponential model. The
result is the Verhulst-Pearl model which gives the differential equation as

g—f = kP(1 = %), where M is the limiting size of the population.
MP,

The solution to this equation is P =
q PO + (M = Po)e_kt

This formula has been applied successfully to populations of animals whose
population growth is restricted by lack of space or insufficient food resources.
It has also been applied to describe international growth dynamics of the
internet and to calculate optimisation of chemotherapy treatment.
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First order differential equations

4,1 You can revise both the solution of first order differential equations with \ '
separable variables, and the formation of differential equations. You can extend )
your solution of first order differential equations with separable variables to -
sketch members of the family of solution curves.

In C4 you met differential equations, and you set up and solved equations using separation
of the variables. In this section you will revise the C4 work and learn how to draw a family of
solution curves.

d
B Remember that when d_:! = f(x)g(y) Hint: This is called separating the
o variables and the constant C is the
you can write Jg—(lz) dy = ’f(x)dx + C Ablgasyonstat

When you have integrated and found the general solution, you can let the arbitrary constant take
different numerical values, thus generating particular solutions. You can then sketch a graph for each
of these solutions. The curves that are sketched are called a family of solution curves.

In some questions you will be given a boundary condition, such asy = 1 when x = 0.

You can use this to find the arbitrary constant. Different boundary conditions will give rise to
different particular solutions. The graph of each solution belongs to the family of solution curves.

Find the general solution of the differential equation
dy

dx

and sketch members of the family of solution curves represented by the general solution.

Integrating gives y = 2x + C This is a straight line equation.
which is the general solution.

The solution ‘curves’ corresponding to

C=—2,—1,0,1, and 2 are shown below.

The graphs of y = 2x + C form the family
of solution ‘curves’ for this differential
equation.

These are a set of straight lines with
gradient 2 and intercept C.
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Find the general solution of the differential equation

“« ™ and sketch members of the family of solution curves represented by the general solution.

f ydyy = — f xdx . Separate the variables and integrate.
A %yz = —%xz S

which is the general solution.

. This can be written as x? + y? = r?, «—————— This is a circle equation.
where r* = 2C.

The solution curves corresponding to
C=0b, 1125, 2, 4.5 are shown below.

The graphs of x? + y? = 2C form the
family of solution curves for this differential
equation.

These are a set of circles with centre at the
origin and with radius r, where r? = 2C.

Find the general solution of the differential equation

dy

dx X

and sketch members of the family of solution curves represented by the general solution.

f ;—dy = —f 1Ealx . Separate the variables and integrate.

lhy==lnx <+

B Collect the In terms together and combine
hy +Inx=2C using the laws of logs.




lnxy = ¢

lxy| = e
oA g
y= iy, where A = e

The solution curves corresponding to

A =1, 2, 3 are shown below

First order differential equations

Take exponentials of each side and
make 1 the subject of the formula.

The graphs of y = éform the family of

solution curves for this differential equation.

These are a set of rectangular hyperbolae
with centre at the origin and with the axes
as asymptotes.

a Find the general solution of the differential equation

@: ” =
df Vx, t=0

b Find the particular solutions which satisfy the initial conditions
i x=0whent=0 ii x=1whent=0
iii x =4whent=20 iv x =9whent=20

¢ Sketch the members of the family of solution curves represented by these particular solutions.

Separate the variables, which

a f%dxzfdt

it
2x* =t+4+ ¢

in this question are x and t.
t usually denotes time.

x = (t + 5)2! £t= (e Integrate and make x the
2 subject of the formula.
b i Substituting x = O when £ = O gives ¢ = O
2
B e Substitute the initial
i Substituting x = 1 when £ = O gives ¢ = 2 ———— conations, Le- the values of x
.x_(t+2)2t>o. /
. T, = /
iii Substituting x = 4 when £ = O gives ¢ = 4
t+ 4)2
S X = u t=0* 7 : 2
- L Write the equations of the
iv Substituting x = 9@ when t = O gives ¢ =

___(tt+te)p
ume

//E// particular solutions.
.t =0




CHAPTER 4

e

The graphs of

_ (t+c)\?
x—( > ),t_>_0,formthe
family of solution curves for
this differential equation.

These are parts of parabolae.

In questions 1-8 find the general solution of the differential equation and sketch the family of
solution curves represented by the general solution.

3 g—i’=x2 4 g—i’=%,x>0

5 3_3; = i—y 6 g—z :;‘7

4 %:ey B dd_ilzx(xin' x>0
gizcosx 10 gi}:ycotx, O<x<m
d—%’=sec2t,g<t<g 12 j—i=x(1x), O<x<1
Given that a is an arbitrary constant, show that ¥ = 4ax is the general solution of the
differential equation g—i - %

a Sketch the members of the family of solution curves for which a = %, 1 and 4.

b Find also the particular solution, which passes through the point (1, 3), and add this curve
to your diagram of solution curves.

Given that k is an arbitrary positive constant, show that y? + kx? = 9k is the general solution
dy _ —xy

of the differential equation &0 ] =:3.
a Find the particular solution, which passes through the point (2, 5).
14

b Sketch the family of solution curves for k = 1 and include your particular solution in

the diagram.

91 97
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First order differential equations

4,2 You can solve exact equations where one side is the exact derivative of a product ‘\, '
and the other side can be integrated with respect to x. '-w..:_"-‘

You cannot separate the
variables in this example, but
you can solve by the method
shown.

,d
Find the general solution of the equation xﬂay + 3x?%y = sin x.

You can use the product rule

0 ua + vdx dx(uv), withu = x*and v =y, to
x°—= + 2Zx%y = sin x . ,dy P
dx recognise that x dr + 3x%y = a(x ).
d

3 . i
S0 ;i_f[x Yy) =sinx Use integration as the inverse process of

/// differentiation.
Ly = f@im xdx

Integrate each side of the equation including an

Y3 = —co5x + ce———— arbitrary constant on the right hand side.

— 1 c ., Make 1 the subject of the formula by dividi
Soy = ——cosx + = Yy ) y dividing
Y x° x° each of the terms on the right hand side by x3.

In general, note that ) .
Use this result to begin to solve an exact

o f(x)g_i’ + fx)y = % (fx)y) differential equation like the one in Example 5.

In questions 1-8 find the general solution of the exact differential equation

YL UL
X g TY = cosx S e*y=uxe
. dy _ 1y 1
3 sinx g +ycosx =3 4 xd J?y—e
dy dy
2py 2 Yy = - 2 — 42
5| x% + 2xe¥ =x 6 435_’)/1 + 2yt =x

7 a Find the general solution of the differential equation

ng—i}+2xy=2x+1.

b Find the three particular solutions which pass through the points with coordinates
(=3 0), (=3, 3) and (—3, 19) respectively and sketch their solution curves for x < 0.

8 a Find the general solution of the differential equation

dy y_ 1
B s G r D+ 2

b Find the specific solution which passes through the point (2, 2).

Xz,
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i integrating factor to produce an exact equation.

4.3 You can solve first order linear differential equations of the type dy + Py = Q,

dx

where P and Q are functions of x, by multiplying through the equation by an

|
] -0

dy 3 '
Find the general solution of the equation ay + X %C
y 2Y _ sinx
l dx X X2
Multiply this equation by x° -\
%5 }/

e + 3x? y = sin x\
L o 1 c
The solution is y = —? cos X + F .
Example 4

dy
dos

Multiply the equation by the integrating factor f(x). «———
d
Tmmu)y+mo@—ﬂ)a ®

The equation is now exact and so the left hand

side is of the form ’ 

d
x) 22 + F @)y
d
50 #(x) 2L + Fx)Py = Fx) 22 + F (x)y

S f'(x) = f(x)P=
Dividing by f(x) and integrating
fﬂﬂ
f(x)

In|f(x)| = [Fdx
flag) = el /

Equation @ becomes

glfdx ay + glfax py = glFaxQ —

/

y = [el"*Qdx + C *

dx = [Pdx

ddx (eff’dx y) e SdeAQ

6}de

You can multiply this equation
by x3 to make it into an exact
equation.

x* is called an integrating factor.
This is an exact equation which

was solved as Example 5 in the
previous section.

Solve the general equation —— + Py = Q, where P and Q are functions of x.

You do this to make the equation
exact.

Compare the left hand side of
your differential equation with the
format for an exact differential
equation.

Compare the coefficients of 1 and
put them equal.

This is a In integral as the
numerator is the derivative of the
denominator.

You need to learn this formula for
the integrating factor.

This will lead to a solution provided
that these integrals can be found.

The left hand side will always be
Y X integrating factor.

This is the solution to the
differential equation.




First order differential equations

B For the general equation g—z + Py = Q, where P and Q are functions of x, you obtain the
integrating factor by finding e/P%* E

B You obtain the general solution to the differential equation by using /"%y = je/’dxQdx + C

d
Find the general solution of the equation ay — 4y = e".

The integrating factor is e/ = ¢/=#4 = =% +———— Find the integrating factor.

d . .
e d_z —4g By =¢ee ™ ——————_ Multiply the equation by the
€

4 integrating factor.
e - (e y)=¢e> \
e Ty = [e>dx \
So e Hy= _%6—5;\— e Integrate to give the general solution.
_%e"’ e« \ Divide every term, including the
constant, by the integrating factor to

make y the subject of the formula.

Express as the derivative of a product.

1

d
Find the general solution of the equation cos x d_.?c} + 2y sinx = cos*x
Divide through by cos x
y 5 Divide by cos x so that equation is in
==/ = . d ,
dx S YA S coos 1 @ the correct form i.e. % + Py = Q. 5

The integrating factor is
elFdx — gf2tanxdr — g2lnsecx — gn Bect ¥ — SECE X }Jse properties of In to simplify the
integrating factor.

d
sec? x (:Tz + 2y sec? x tan x = sec?x cos® X

; \ Multiply equation @) by the

ot (y sec” x) = cos x integrating factor and simplify the
i right hand side.

Y sec® x = [cos x dx

yeec?x =sinx + ¢
Integrate to give general solution
and multiply through by cos? x.

Y = cos® x(sin x + ¢) »
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1

Exercise [[Td4

In questions 1-10 find the general solution of each linear differential equation.

g—z+2y=ex
ay+yc0tx=1

ay+y sin x = e s~
—y+ytanx=xcosx

dx

ng—i}—xy—xfz i 5 =2
3x%+y=x

(x+2)gz—y=(x+2)

dy

] +ay =&
Y 2

dx

Find y in terms of x given that

xg—i’+2y=e"andthaty= 1whenx = 1.

Solve the differential equation, giving y in terms of x, where

dy

x3dx

xy=1landy=1atx = 1.

a Find the general solution of the ditferential equation
1) dy — (g2 3
+2]=+2= +
(x x)dx 29 = 2z~ 1+ 1),
giving y in terms of x.
b Find the particular solution which satisfies the condition thaty = 1 atx = 1.

a Find the general solution of the differential equation

d
cosx—y+y= 1, T<x<X
dx

2 2
b Find the particular solution which satisfies the condition thaty = 2 atx = 0.



First order differential equations

44 You can use a given substitution to reduce a differential equation into one of the
above types of equation, which you can then solve.

PENTIN10
dy &+ 3yd

Use the substitution z = %to transform the differential equation o Ty’ x>0,intoa

differential equation in z and x. By first solving this new equation, find the general solution of
the original equation, giving y? in terms of x.

Sketch the particular solution curves passing through (0.5, 0), (1, 0), (2, 0) and (3, 0) respectively.

Yy . Rearrange the substitution to make
Sk @ y the subject of the formula.
d
Y = x4z 4, @
dx dx dy
dy X2 + 5y2 Differentiate to give i in terms
Substituting into -—— = ———— gives dz &
dx 2xY of v
2 2
x4z L - x E'zax z
dy 2x°z \ Substitute into differential equation
e o (2] using equations () and @.
ax 25
dz . (- +87) p
dx 2z
_ ik R o y
S 5 earrange and simplify your equation.
f 2z_ 4= fl i Separate the variables, then
X

e integrate including a constant of
In(1 + 22) T integration.

(1 + z%) = Ax, where A is a positive constant «——— Take exponentials and let A = e,

2
(1 + (y—z)) =AXe——__ Substitute back, to give y in terms
i of x.
y? = x* (Ax — 1)

Use the boundary conditions to
obtain A=2,1,0.5and .
Sketch the curves, as shown.
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Example [H]
dy

a Use the substitution z = y ! to transform the differential equation G +xy = xy? intoa
differential equation in z and x.

b Solve the new equation, using an integrating factor.

~ " ¢ Find the general solution of the original equation, giving y in terms of x.

a Asz=yy=z". Rearrange the substitution to make y the
y-Y subject of the formula.

4 _ _1 dz
‘ x paTT— oy dz
" dy Differentiate to give Eralld terms of e
Substituting into W= XYy gives
1 dz —1 — 2
== =t XkF "= &=
z% dx
dz . _ _ — .
T XZi— ke Rearrange and simplify your equation.
i
b The integrating factoris el ™ =¢ 2
_x? _x _x?
& = j—i —Xe 2z= —xe 2+~ Use integrating factor = e/fd~,
d (3_% 2) = —x 5—% Multiply by integrating factor and establish
dx exact equation.
i _x
e 2z= —fxe 2 dx

24
2 > Integrate to give result then divide each
z=14 ce2 term by integrating factor.

1T Substitute back to make y the subject of the
2 formula.




First order differential equations

Use the substitution u = y — x to transform the differential equation
dy y—-x+2
dx y-x+3
into a differential equation in u and x. By first solving this new equation, show that the general
solution of the original equation may be written in the form
(y — x)> + 6y — 4x — 2c = 0, where c is an arbitrary constant.

Let i =y — &%
Then du _ d—y = Differentiate to give v i, terms of 9y
dx dx dx dx’
L dy y—x+2
Substituting into X y-xT3 gives .
du =l + 2 Make d_i the subject of the formula and
dx u+3 substitute.
duv _u+2 _ 1
dx U+ &
dil o =l Rearrange and simplify your equation.
dx u+23

f(u+ 2)du=—[1 d:’///_/ Separate the variables and integrate.
TP +3u=-x+c

Iy — x)2 + I I Substitute back to give your result in terms
2 — X7+ 3y — %) rre of x and y.

y—x*+6y—4x—2c=0

Exercise 1))
5

In questions 1-4 ,use the substitution z = ; to transform the given homogeneous differential
equation into a differential equation in z and x. By first solving the transformed equation, find
the general solution of the original equation, giving y in terms of x.

dy ¥y  « dy ¥y | «?
dy _y ¥ dy  x® + 4y
3 __§+F’ =0 3 & 3nP , x>0

5 Use the substitution z = y~2 to transform the differential equation

b, - 3 _T T
£+(§Taﬂx)y— (2secx)y’, —F<x<Z
into a differential equation in z and x. By first solving the transformed equation, find the

general solution of the original equation, giving y in terms of x.
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i

10

1

Use the substitution z = a2 to transform the differential equation

dx 1

5t t2x = t2x?

into a differential equation in z and t. By first solving the transformed equation, find the
general solution of the original equation, giving x in terms of t.

Use the substitution z = y~! to transform the differential equation
Q_ 0| :(x+ 1)3y2

dc x¥ 7 X
into a differential equation in z and x. By first solving the transformed equation, find the

general solution of the original equation, giving y in terms of x.

Use the substitution z = y? to transform the differential equation
dy 1
2y = =1
21 .54 S + 2xy y
into a differential equation in z and x. By first solving the transformed equation,
a find the general solution of the original equation, giving y in terms of x.

b Find the particular solution for which y = 2 when x = 0.

Show that the substitution z = y~" =V transforms the general equation

dy

e = n

=t =",

where P and Q are functions of x, into the linear equation % —Pli— 1) = =0 —1)

(Bernoulli’s equation).

Use the substitution u = y +2x to transform the differential equation
dy —(1+2y+4x)

dr = 1+y+2x

into a differential equation in u# and x. By first solving this new equation, show that the
general solution of the original equation may be written 4x? + 4xy + y> + 2y + 2x = K,

where k is a constant.

Mixed exercise 13

: dy X .
Solve the equation — = —=— and sketch three solution curves.
% dx vx?+ 16
Solve the equation % = xy and sketch the solution curves which pass through
a 0,1 b (0, 2) c (0, 3).
Solve the equation % = —g — kv given that v = u when t = 0, and that u, § and k are positive

constants. Sketch the solution curve indicating the velocity which v approaches as t
becomes large.
dy

Solve the equation dx +ytanx = 2 secx
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11

12

13

14

15
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17

18

First order differential equations

d;
Solve the equation (1 — x?) &y +xy = Sx -1<x<1 \

d .
Solve the equation x ay +x+y=0 ~3

= y y e
&Yy Ny
Solve the equatlon i %

d
Solve the equation @y + 2xy =x

dy

Solve the equation x(1 — x?) o {22 —1w=28 Qzxzl

d
Solve the equation R d—? 4 g = E when

aE=0 b E = constant ¢ E = cospt
(R, c and p are constants).

dy

Find the general solution of the equation it A Q, where a is a constant, giving your
answer in terms of @, when
a Q= ke~ b Q = ke*™ c Q = kx"e™,

(k, A and n are constants).

d
Use the substitution z = y~! to transform the differential equation x ay +y=%*Ingx, into a

linear equation. Hence obtain the general solution of the original equation.

Use the substitution z = y? to transform the differential equation

d
2.cosx ay —ysinx +y~! = 0, into a linear equation. Hence obtain the general solution of

the original equation.

Use the substitution z = %}to transform the differential equation (x? — y?) g—z —xy =0, into a

linear equation. Hence obtain the general solution of the original equation.

N P— o dy _yty) .
Use the substitution z = % to transform the differential equation —= = , into a linear
x de  x(y —x)

equation. Hence obtain the general solution of the original equation.

J

dy  —3xy
= '

de  (y2 - 3x?)
equation. Hence obtain the general solution of the original equation.

Use the substitution z = , into a linear

to transform the differential equation

Use the substitution u = x + y to transform the differential equation

d

@y =(x+y+ 1)x +y— 1) into a differential equation in u and x. By first solving this new
equation, find the general solution of the original equation, giving y in terms of x.

Use the substitution u = y —x — 2 to transform the differential equation dd—fg =@y -x-2)7?
into a differential equation in u and x. By first solving this new equation, find the general

solution of the original equation, giving y in terms of x.
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Summary of key points

When g—i’ = f(x)g(y) you can write f gﬁ dy = f f(x)dx + C and by integration you can find

the general solution.

You can assign values to C and sketch a graph for each of these particular solutions.
The curves that are sketched are called a family of solution curves. You may use given
boundary conditions or initial conditions to find the values for C.

You can solve exact equations where one side is the exact derivative of a product and the
other side can be integrated with respect to x.
dy

For the general equation I + Py = Q, where P and Q are functions of x, you obtain the

integrating factor by finding e/’ %,
You obtain the general solution to the differential equation by using e/’ &y = [e/P&Qdx + C.

You may be given a change of variable to transform a given differential equation into a
linear equation, which you can then solve.



After completing this chapter you should be able to:

¢ find general solutions of linear second order differential

. d’y  dy
equations of the form ad? + b@ + ¢y = f(x)
e use boundary and initial conditions to find specific
solutions

e use a given substitution to transform a second order
differential equation into one that can be solved.

Second order
differential equations

Second order differential equations enable you to solve a variety

of problems in economics, physics and engineering. Examples include a
tuning fork vibrating in air, the vibration of a spring about an equilibrium
position and the variation of charge or of current in an electric circuit.

The shock absorbers on a car or bicycle provide an example of a context
in which a spring is incorporated in a system. The motion of the spring is
subject to a force proportional to the extension of the spring and also to
a damping force, which is assumed to be proportional to the velocity of
the vehicle and acts in a direction opposite to the motion.

Newton'’s Second Law for the motion then gives:

mass >< acceleration = damping force + restoring force

% mﬁ B

This equation can be written in the form mg’g ks bdx
which is a linear second order equation of the type you will study in this
chapter.

+cx=0,

The methods used to solve these second order equations were first
explained by the mathematicians Leonhard Paul Euler (1707-1783)
and Jean le Rond d’Alembert (1717-1783).
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5,1 You can find the general solution of the linear second order differential equation

::‘:’; + ba + ¢y = 0, where g, b and c are constants and where b? > 4ac.

In Chapter 4 you solved first order differential equations. You will apply what you have learned,

d2
to the solution of second order equations involving the second derivative d?jzl

Example |}
dy

Solve the equation G + by = 0, where a and b are constants.

This is a first order equation.

fy dy = fbaix . ———————— " Separate the variables.

cny = —x + constant , Integrate each side.
; _ _ b .
cIny = = Zx + InAwhere Ais constant . Express the constant as a logarithm.

_b
Y= Ae X == e
Take exponentials of each side.

d
The solution of aay + by = 0, where a and b are constants is y = Ae™ where m is a constant.

2
This suggests that the solution of the second order equation a;l% <+ bdy

i + ¢y = 0, may also be of

the form y = Ae"™ where m is a constant.

Example |F3
d’y , dy

Find the condition for y = Ae™ to be a solution of the equation aW & ba +cy = 0.

Let y = Ae™

dy ]/ Differentiate with respect to x and
Then == Ame™ and — P = Am?e™ . differentiate a second time to give the
2 first and second derivative.

Substituting into the differential equation gives
aAmee™ + bAme™ + cAe™ = O

. Ae™(am? + bm +¢) = O
Factorise, and use e™ > 0. This
S0 am?® + bm + ¢ =0 quaderatic is called the auxiliary
equation.




B The equation am?* + bm + ¢ = 0 is called the auxiliary
equation, and if mis a root of the auxiliary equation
then y = Ae™ is a solution of the differential equation

o " _
dxz ba+cy—0.

B When the auxiliary equation has two real distinct
roots a and B, the general solution of the differential
equation is y = Ae** + Be”*, where A and B are arbitrary

constants.

. : L,y dy
Find the general solution of the equation 2—5-+ 5= + 3y = 0.
dx?  dx
Let = " th dy — mx d dzy — 2 pimx
ety = €™, then —— = me™ an E—me

* Hrett 4 Hpeit 1 Btk —; )

Second order differential equations

-

The auxiliary equation may have
either two real distinct roots, two
equal roots or two complex roots.

When you are solving a second
order differential equation, the
general solution will have two
arbitrary constants.

™ (2m° +5Bm + 3) =0
As e™ > 0, (2m? + Bbm + 3) =
@Em+3)(m+1)=0

/ Solve to give the two values of m.
m=—2 or m= —1

2
So the general solution is y = Ae 2" + Be™,
where A and B are arbitrary constants.

e —— Find the auxiliary equation.

Substitute into the differential equation.

Write the general solution as a sum
of multiples of the two independent
solutions, using two constants as

shown.

Exercise

Find the general solution of each of the following differential equations:

1 §3+de+6y=0 2 3;{ 8§£+12y:0
3 ddzﬂalf’y 0 4 37232’332’ 28y =0
5 ;17232}-1-& 12y = 0 6 %*5%—0

7 3x2Z+7dx+2y—0 8 43723;_ %_Zy_o

d?y dy
b g P xz  dx
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5,2 You can find the general solution of the linear second order differential equation

a% + b% + ¢y = 0, where g, b and c are constants and where b? = 4ac.

Show thaty = (A + Bx)e™ satisfies the equation

d?y

dx?

dy
T

Lety = Ae> + Bxe™, then

4

% = B AL+ BBxe - Bet® and

dZy | >
— DA BB - BB & GRS

ax? ‘
= BAg* + OBxe™* + BDe”
2y 4

50 24 — 657 + 9y = 9A + 9Bxe™ + 6B
dx dx

—B[DAE™ + Bbxe™ + Be )
+9(Ae* + Bxe™) = 0
.y = (A + Bx)e™ is a solution of the equation.

B  When the auxiliary equation has two equal
roots a, the general solution of the differential
equation is
y = (A + Bx)e™,
where A and B are arbitrary constants,

Example |

Find the general solution of the differential equation dy

+Ba

d3y
dx?

d 4%
_y = memx and _y — m?.emx
ax ax?

©omPe™ 4+ Bme™ + 16e™ = 0

™ (m? + 8m + 16) I

As €™ >0, (m?+ &m +16) =0
m+aR=0— |

om= —4only

Let y = €™, then

The general solution in this case is y = (A + Bx)e ™ «——

+ 9y =

0.

Differentiate the expression for
y twice and substitute into the
differential equation.

Substitute into the left hand
side of the differential equation
and simplify to show that the
result is zero.

e™ and xe** are independent solutions
of the differential equation when the
auxiliary equation has repeated roots.

+ 16y = 0.

Find the auxiliary equation as in
earlier questions.

Solve the quadratic equation to
find the repeated root.

Write the general solution in the
form shown above using
a= —4.




Find the general solution of each of the following differential equations:

d2y
B2 + 1de
dy _dy

i +25y=0

d%y dy _
5] 33+ l4g 4 =0

dy  dy
7| gty Ty =0

Por MO

91(:chz ax

+9y =0

d?y dy
2 g W
dZy _dy B
4 2 8dx+16y—
2
6 163732’ 83—3;+y=0
d%y dy
8 4dx2+zodx
2
10 dd?+z\/3

Second order differential equations

-

+8ly =0

+25y=0

+3y=0

Ay
dv? ' dx

5,3 You can find the general solution of the linear second order differential equation

+ bd—y + ¢y = 0, where g, b and c are constants and where b? < 4ac.

4z
Find the general solution of the differential equation dx:;
— ahX dy — mx dzy — 2 5 mx
let y = ¢ ,thenﬂ— e andﬁ— m=e

© mPe™ + 16e™ = 0

. e + o) =0

As e™ >0, (m?+16) =0
= —16 and m= x4

The general solution is y = Fe™™ + Qe™*%, »

where F and Q are constants.

This may be written as

+ 16y =0

Yy = P(cos 4x + i sin 4x) + (Q(cos 4x — i sin 4x)

= (F+ Q) cos 4x + i(F — Q) sin 4x
ory = Acos 4x + B sin 4x,

where A and B are constants and A= F+ Qand B=1i(F — Q)

When the auxiliary equation has two imaginary roots *iw,
the general solution of the differential equation is

y = A cos wx + B sin wx,
where A and B are arbitrary constants.

You may quote this result
after finding imaginary roots
of the auxiliary equation.

Find the auxiliary
equation and solve
to obtain imaginary
values for m.

Give the general
solution using a similar
approach to Example
3 where the roots
were real and distinct.

Rewrite el? as

cos 6 + isin 6 as you
did in section 3.2 of
this book.
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d d
Find the general solution of the differential equation d:?zl = 6% + 34y = 0.
d 4z

Let y = ™, then oTZ = me™ and oixz = et
L™ — Gme™ b fde™ = g
. e™(m? — 6m+ 34) =0
Ase™ >0, m?—6m+ 34=0

(e e Find the auxiliary equation and solve
o= 6L V¥o6 196 6 5 L to obtain conjugate complex values

2 for m.

. m=3 x5

L . %4 By 5y . : -
The general solution is y = Fel3+5)x 4+ Qel3—5) = - Give the general solution using a

where F and Q are constants similar approach to Example 6 where
' the roots were imaginary.

This may be written as

y = e>*(Pe®™ + Qe %) Take out the real factor e3*,

So y = €% (A cos Bx + B sin bx),
\ Rewrite e as cos @ + i sin 0 as you did

where A and B are constants in Example 6.
and A=F+ Qand B=i(F— Q).

B  When the auxiliary equation has two complex roots p * ig,

the general solution of the differential equation is R R s

after finding conjugate
complex roots of the

= eP¥ i
y = eP* (Acos gx + Bsin gx), auxiliary equation

where A and B are arbitrary constants.

Find the general solution of each of the following differential equations:

1 ;17232/+25y—0 2 %+81y—0

3 §3+y:0 4 9§3+16y=0

5 37232’+43—i’+13y=0 6 37232’+83—3y6+17y=0
- ;‘7232’_43_i’+5y:o 8 37232’+20§—i’+109y=0

_ dZy dy _
9] 9-—=-6=+5=0 10@+\/§£+3y—0



Second order differential equations

5.4 You can find the general solution of the linear second order differential equation

9
dxz + ba + ¢y = f(x), where a, b and c are constants, by using

y = complementary function + particular integral.

; . dy  dy _
B When you are given the equation @2 + b@ + ¢y = f(x),

you need first to solve ag.?z + b%’ + ¢y = 0, as you did in the previous sections.
The solution, which you obtain, is called the complementary function (abbreviated C.F.).
d%y

B You then need to find a solution of the equation a@ + bi‘;‘: + ¢y = f(x), where f(x) will

have one of the forms ke, A + Bx, A + Bx + Cx? or m cos wx + nsin wx.

You find this by using an appropriate substitution and then comparing coefficients.
The solution is called the particular integral (abbreviated P.1.)

Example

2
Find a particular integral of the differential equation 373’ - dei/ + 6y = f(x) when f(x) =
a3 b 2x ¢ Jn? de* e 13sin 3x.

When f(x) = 3, which is constant

d d
a Lsty=/\then—2=05ndd—y2:0
X

dx choose P.I. = A, also constant.
Lo Ay dy
Substitute into 2 dx toy=23 Differentiate twice and substitute the
/> derivatives into the differential equation.
=B X 0+ HBA=3
1
— 3z Solve equation to give the value of A.
So a particular integral is &
dy dzj When f(x) = 2x, which is a linear
b Lety = Ax + uthen T A and — e =0 function of x choose P.I. = Ax + w,
& also a linear function.
LAY Ldy
Substitute into — — b= + 6y = 2x
ax? dx

As in part a differentiate twice and
T O0—5 XA+ 06(Ax + u) = 2x- substitute the derivatives into the

. (6 — BA) + BAx = 2x differential equation.

S, —HBA=0 and ©A=2
= 4 _ 5 Equate the constant terms and the
< =gt Al S coefficients of x to give simultaneous

5o a particular integral is Ix+ 2 equations, which you can solve to find
? 1% Aand u.
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dy

¢ lety=Ax*+ px + vthen%= 2 x +
dz
and il 2A
hxe
a- d
Substitute into 2 — 522 + oy = 3x*

dx? dx /
. 2A — B(2Ax + w) + 6(Ax2 + pux + v) = B2

Co(2A — By + 6v) + (6u — 10A)x + 6Ax? = 3x?
. (2A — Bu + 6v) = 0 and (6 —10A) = O

and oA = 3
LA=Zlandpu=2 and v =12
S0 a particular integral is 2x® + 2x + 2.
d d°
d Lety = Ae*then d% = Ae* and alxy2 = Aets

, . dy dy ,

Substitute into — — 5=+ 6y = ¢’

dx? ax

CoAeY — BbAeY + GAet = e

NN =»i/’///
) 1

SLA= 5

So a particular integral is %e*"

e lety = Asindx + ucos dx

then e SA cos Ox — S sin dx
d2
and x]i = —9A sin 3x — 9 cos dx
a2 d
Substitute into 2 — 527, + oy = 15 sin 3x
dx? dx

. —9A sin 3x — 9u cos 3x
—5(3A cos dx — B sin Ix)
+6(A sin 3x + u cos 3x) = 13 sin 3x
. (—9A + 1By + 6A) sin 3x +
(—9u — 151 + 6u) cos 3x = 15 sin dx
o =g\ + 1B+ 6A = 185and —Bu = 16X + 6 =0

= —Land u

50 a particular integral is —% sin dx + %cos ox

You can find the general solution of the differential equation

e

by using: y = complementary function + particular integral.

dy _
b& + Cy - f(x)i

As f(x) = 3x2, which is a
quadratic function of x
let PI. = Ax? + ux + v,
also a quadratic function.

Substitute as you did in
parts a and b.

Equate the constant
terms, the coefficients of
x and the coefficients of
x? to give simultaneous
equations, which you can
solve to find A, w and .

As f(x) = e*, which is an
exponential function of
x let P.I. = Ae*, also an
exponential function.

Differentiate, substitute
and solve to find the
value of A.

As f(x) = 13 sin 3x,
which is a trigonometric
function of x let

Pl = Asin 3x + u cos 3x,
also a similar
trigonometric function.

Equate coefficients of
sin 3x and of cos 3x
and solve simultaneous
equations.
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d d
Find the general solution of the differential equation EZJZ/ = ay + 6y = f(x) when f(x) =
a3 b 2x ¢. & d e e 13sin 3x

dé d
First solve —‘Z —~ By ey=0

dx ax First find the complementary

dy A2y function by setting the right
Let y = €™, then = + me™ and — = m°e™ hand side of the differential
dx dx equation equal to zero and
L e™(m? —Bm+ 6) =0 solving the resulting equation.
Ap et 0 theh W=& of W= 2
So the complementary function is y = Ae® + Be?,
where A and B are arbitrary constante.
The particular integrals were found in Example & and
50 the general solutions are
a y=As"+ Bt %,
— B 2x il )
b Y= Ae™+ et Y u 18 Then use general solution =
¢ Y= Ae™F + Be? + %xz + %x = %, complementary function
+ i i .
d y= AP + Bt + %611 particular integral
= G 2h A e 9

e Y= A+ pe 5 oih 3x + = cos Sx.

d d
Find the general solution of the differential equation dg??z, o Say + 6y = e
. D The function Ae? is part
As in Example 9, the complementary function is of the c.f. and satisﬁ'i;s the
y = Ae® + Be®. differential equation
&’y dy :

The particular integral cannot be Ae,+ e Sﬁ + 6y =0, s0it
as this is part of the complementary function cannot also satisfy
(sometimes abbreviated c.f.). a4y Sd_y e o

dy dxz Vdx Y ’
So let y = Axe® then I 2Axe ® + et

dZ
and 22 = 4axe? + 2067 + 2067 = 4Axe? + 4Ae?

dx, . d2y dy " Let the P.I be Axe? and
Substitute into i 5% + 6y =¢ee differentiate, substitute and
oL AAxe 4 4he® — B(2Axe® + Ae?) + BAxe® = ¢ ZOhE Ty find 4.

_A62x — 82x
A=

S0 a particular integral is —xe :
P g Then use general solution =

The general solution is y = Ae® + Be™ — xe™.» complementary function
+ particular integral.
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First consider the equation — — 2-=

d
Find the general solution of the differential equation

2

ay  dy _
Ax? dx_o

dy
T

=3

Find the complementary function by
putting the right hand side of the
differential equation equal to zero,
and solving the new equation.

Let y = e™,
2

then 9 me™ and 4y - meem™
dx dx?

‘. e(mF — 2m) = O

Ase™ >0, mim—2)=0

. m=0orm=2

Y= A+ BeZ,

So, the complementary function is

The particular integral cannot be A, as this is
part of the complementary function.

Solet y = Ax
d 4=
thcn—y= Aand—y= 0
dx dxe
d? d
Substitute into —y = —y =3
dx? dx
L 0=2A=3
. —
SOA= 15

: ; )
S0 a particular integral is —5x

Form of f(x) Form‘of particular
integral
k A
kx A +ux
kx? A +ux +vx?
ket~ Aebx
M Cos wx A cos wx +p sin wx
nsin wx A cos wx +usin wx
m COs WX + #sin wx A COS wx + . sin wx

Then try to find a particular integral.
The right hand side of the original
equation was 3, which was a
constant and usually this would
imply a constant P.I.

As the complementary function
includes a constant term ‘A’, the P.I.
cannot also be constant. A value

o dy dy
of A would satisfy pr Zd—x =0
dy  _dy _
rather than W - 2& =

Multiply the ‘expected’ particular
integral by x and try Ax instead.

Then use general solution =

The general solution is y = A + Be? — 1%x. ~————— complementary function

+ particular integral.

You may find this table helpful when trying particular integrals.

You should learn these
particular integrals. When the
Pl is non standard the question
will probably suggest the form
of P.I. to you. (See question 11 in
Exercise 5D.)
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Second order differential equations

In questions 1-10 solve each of the differential equations, giving the general solution.

dzy dy B dy dy _
1 @+6£+5y—10 2 02 8£+1Zy—36x
d’y  dy dy ,dy
it ed TR = 2% v P =
3 e | Ox 12y = 12e 4 dx2+2dx 15y =5
dy  _dy B dy . 4 .
5 ) Sa+16y—8x+12 6 @+Za+y—256032x
d2y ; d?y :
7 @+81y:15e5x 8 @4‘4}’:5][136
dy ,dy _ peg2 _ d’y ,dy _
11 a Find the value of A for which Ax?e* is a particular integral for the differential equation
d” d
ot

b Hence find the general solution.

5.5 You can use boundary conditions, to find a specific solution of the linear second

order differential equation a-:% o b% + ¢y = f(x), where g, b and c are constants,
or initial conditions to find a specific solution of the linear second order differential

equation a9 | pdv

iz qr T X = f(t), where g, b and c are constants.

Example [P
d2y dy

Find y in terms of x, given that T2 y = 2¢%, and that e Oandy =0atx = 0.

2

First consider the equation ——% ==
dx Find the complementary function by
dy dy

— i o Do putting the right hand side of the
Lety = ™, then T and Ax? e differential equation equal to zero, and

- e — et = (O solving the new equation.
L™ — 1) =0

Ase™ >0, (m+NH(m—-1)=0

| m= 2

So, the complementary function is
Y= Agf + Bt
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The particular integral cannot be Ac”,

as this is part of the complementary function.
So let y = Axe*
d=y

d
then £ Axer + Aet and ——
dx dx?

LAy ;
Substitute into — — y = 2¢*
dx?
L AXER + Aet + AeF — Axe® = 2¢°
=
So a particular integral is xe*

The general solution is
y = Ae* + Be™* + xé”.

Shcey = 0atx=0:0= A+ B>
= A+B=0

Differentiating y = Ae* + Be™* + xe* with

respect to x

a
gives 2 = AeY— Be - et | xet
dx

Sinced—y=Oatx:O:O=/\—5+1
ax

= A= B=

Solving the simultaneous equations gives

= =1
A= 55 and B =
And soy = *%@“’ + %e’x + xe*

is the required solution.

d?x
dr?

2
First consider the equation % +x=0
2
Let x = €™, then dX — premt gng 87X = ppgms
dt dt°

. omPe™ + e =0
e + 1) = O
Ase™ >0, m2=—1 .. m= =i

So, the complementary function is
x=Acost+ Bsint.

equation = + x = 3 sin 2t, for which x = 0 and d—‘f

i SH o
As \e* satisfies a2 y = 0, it cannot
d?y

also satisfy e 2e*,

= Axe" + A" + A" v— |nstead try Axe* as a P.l.

Substitute the boundary condition,

y = 0 at x = 0, into the general
solution to obtain an equation relating
A and B.

Substitute the second boundary

d
condition, % = 0atx = 0, into the
derivative of the general solution, to
obtain a second equation relating A

and B.

Solve the two equations to find values
for A and B.

Given that a particular integral is of the form A sin 2¢, find the solution of the differential
= 1whent = 0.

Again find the complementary
function by putting the right hand
side of the differential equation equal
to zero, and solving the new equation.



The particular integral is A sin Zt,
Solet x = Asin 2t «

Second order differential equations

You are told that the P.l. is A sin 2t

dx

h = 2A 2
Then = T cos 2t
2
and == dx —4) sin 2t
dt?

Substitute into jtx + x = 3sin 2t

. —4Asin 2t + A sin 2t = 3 sin 2t
Lo ==
S0 a particular integral is —sin 2t

The general solution is

x=Acost+ BeinteiHZt/

Siheex= @'at t = : 0 = A
= A=0,

in the question, so use this in your
solution.

Then use general solution =
complementary function
+ particular integral.

Substitute the initial condition, x = 0

Differentiating x = B sin £ — sin 2t with
respect to t

at t = 0, into the general solution to
obtain A = 0.

Substitute the second initial

condition dx _ =1 att=0,into the

dt

glves—i—i = +Bcost— 2cos 2t
dx
=1 =0:1=5B— 2»
5mcﬁdt att =20
= B=2

And so x = 3 sin t — sin 2t is the required
solution,

In questions 1-5 find the solution subject to the given boundary conditions for each of the

following ditferential equations.

1

3;32’+5dx+6y—12e" y= ay:()atx:()
%4-23%:12@ y = 2 and d—z=6atx=0
33—3—423;:14 y = 0and ay %atx=0
§3+9y=16sinx yzlandjizSatsz
g%+4g—z+5y—sinx+4cosx y—Oandg—i}—Oatx—O

derivative of the general solution,
to obtain a second equation leading to
B=3.
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In questions 6-10 find the solution subject to the given initial conditions for each of the
following differential equations.

dx dx P _ dx _
6 a2 3dt+2x—2t 3 X = 2anddt 4whent=20
7 d— 9% = 10sint x=2and@=—lwhent=0
dr? dr
d’ _ ,dx — 22t » dx _ -
8 di2 dt+4x 3te x = 0and T 1whent=0

Hint: let PI. = Atfe2t

9| 2532 + 36x = 18 x=1and %= 0.6 when t=0
dx  ,dx — D2 - dr _ =
10 di2 dt +2x =2t x =1and ar 3Jwhent=0

5,6 You can use a given substitution to transform a second order differential
equation into one of the above types of equation, which you can then solve.

Given that x = e¥, where u is a function of x, show that

dx du dx?  du? du
¢ Hence find the general solution of the differential equation
222 S
dxz < .’)Ca +y=0
a Asx =g u dx e'=x
& he chain rule t
d d Use the chain rule to
From the chain rule 4 - —y I/ 1 — dy . dy
d dx du dx express —— in terms of ——.
_dy ) dx du
=X 85 required
dey

Differentiate the product using

du®  duldu the product rule.
-£[e2

You use the chain rule to

_ oAy LAY dx
L e A2 du ‘\ differentiate % with respect
d 42 to u, by differentiating with
=_y+x2_:z, agd_xzer:x y d%y
di W dzdx : du respect to ¥, giving =, and
o0 ¥ oy_2y_ 4 as required. o dx
dx2  diZ  du then multiplying by —-.
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¢ 5Substitute the results of a and b into the
differential equation

d? d
X2 —y + x—y ==
dx?
d= d
toobtain—y~l+ y+y 0
du  du  du -
5 This is a second order
i d_y n ) differential equation with
du? y==o- constant coefficients which you
4 42 know how to solve.
Let y = e™, then 2 = mem and £ = pgm
du du?
G m26mu + g = ()
LR 1 =0
Ase™ >0, mi=—1 . m= =i
So, the general solution of the differential
equation
@ = Do = A GoE e B st Solve the linear differential
Adu? Y Yy T equation to give y in terms of u.

where A and B are arbitrary constants.

x = e" = u = In x and the general solution of the

LAYy dy

differential equation x? 7 txsty=0is Then use u = In x to give y in

terms of x.

y = Acos (Inx) + Bsin (In x)

In questions 1-6 find the general solution of each differential equation using the substitution x = e,
where u is a function of x.

dzy dy d2y
1 2+6Jc +4y =0 2| x2— 2+5x +4y:0
d2y dy d2y
2 — —_ =
3 2+6x] +6y=20 4 2+4x] 28y =0
dzy dy dey dy
. — —_— S + promy
5| x5 4x] 14y =0 6| x5 +3x—+2y=0

7 Use the substitution y = % to transform the differential equation

d?z _ dz _

dy + (2 — 4x ) — 4y = 0 into the equation — i i

¥

2
Hence solve the equation xg% 4+ (& =~ %)% — 4y = 0, giving y in terms of x.
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8 | Use the substitution y = ﬁ to transform the differential equation

d?y dy d?z | »dz
= + + 2)-= + + 12y =e*i i +2=+2z=e"
% e 2x(x + 2) 5T 2(x + 1)*y = e into the equation qe2 2 T 2z=e
. LAY dy 5 e e .
Hence solve the equation x T + 2%k + 2)a + 2(x + 1)*y = e™%, giving y in terms of x.

9 Use the substitution z = sin x to transform the differential equation

d%y dy dy

osx7 5 + sin X~ 2y cos*x = 2 cos® x into the equation 2 2y = 2(1 - 2%).
. dzy . dy 3 s .
Hence solve the equation cos x@ + sin X 2y cos*x = 2 cos® x, giving y in terms of x.
, ; : ; . dy  dy

1 Find the general solution of the differential equation 2 + ax +y=0 9

dy . ,dy

2 Find the general solution of the differential equation T 12a + 36y =0

dy ,dy
3 | Find the general solution of the differential equation Tz 4@ =
. , . d%y ,
4 | Find y in terms of k and x, given that e + k% = 0 where k is a constant, and y = 1
andg—ilzlatx:(). 9
. . . . . d¥y  _dy .
5 Find the solution of the differential equation - 2@ + 10y = 0 for whichy = 0
d
andd—i’= Jatx =0.
, , . _dy  dy . .

6 Given that the differential equation o2 4@ + 13y = e* has a particular integral of
the form ke*, determine the value of the constant k and find the general solution of the
equation.

. . . . dYy , .
7 Given that the differential equation T 4e* has a particular integral of the form kxe”,

determine the value of the constant k and find the general solution of the equation.

8 The differential equation :;32) = :3; + 4y = 4e* is to be solved.

a Find the complementary function.
b Explain why neither Ae? nor \xe* can be a particular integral for this equation.
A particular integral has the form kxZe%.

¢ Determine the value of the constant k and find the general solution of the equation.
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Second order differential equations

dZ
Given that the differential equation d_tgl + 4y = 5 cos 3t has a particular integral of the form

k cos 3t, determine the value of the constant k and find the general solution of the equation.

d
Find the solution which satisfies the initial conditions that when t = 0,y = 1 and d%‘/ = 2.
dy 3dy
de? dx
of the form A + ux + kxe?, determine the values of the constants A, x and k and find the
general solution of the equation.

Given that the differential equation — + 2y = 4x + e* has a particular integral

2
Find the solution of the differential equation 16;133’ + 833; + 5y = Sx + 23 for whichy = 3
d
and @y = 3 atx = 0. Show thaty = x + 3 for large values of x.
d?y dy . ;
Find the solution of the differential equation — o dr 6y = 3 sin 3x — 2 cos 3x for which

y = 1atx = 0 and for which y remains finite for large values of x.

d%x dx
a T %at

The equation is used to model water flow in a reservoir. At time t days, the level of the water
above a fixed level is x m. When t = 0, x = 3 and the water level is rising at 6 metres per day.

Find the general solution of the differential equation + 10x =27 cost— 65sin L.

a Find an expression for x in terms of t.

b Show that after about a week, the difference between the lowest and highest water level is
approximately 6 m.

a Find the general solution of the differential equation

.
dxz + 4xdx

using the substitution x = e, where u is a function of x.

+ 2y =Inx, x>0,

b Find the equation of the solution curve passing through the point (1, 1) with gradient 1.

2 d :
Solve the equation gxy + tan xay + y cos? x = cos? x "%, by putting z = sin x, finding the

solution for which y = 1 and ;13: =3atx =0.
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Summary of key points

d2 d
For the second order differential equation adT‘Z it bd% + ¢y = 0 the auxiliary quadratic
equation is am? + bm + ¢ = 0.
If the auxiliary equation has two real distinct roots « and S (i.e. when b? > 4ac) , the
general solution of the differential equation is y = Ae®* + Bef*, where A and B are arbitrary
constants.

If the auxiliary equation has two equal roots « (i.e. when b? = 4ac), the general solution
of the differential equation isy = (A + Bx)e™*, where A and B are arbitrary constants.

If the auxiliary equation has two imaginary roots *iw, (i.e. when b = 0 and 4ac > 0)
the general solution of the differential equation isy = A cos wx + B sin wx, where A and B
are arbitrary constants.

If the auxiliary equation has two complex roots p * ig (i.e. when b? < 4ac), the general
solution of the differential equation is y = e (A cos gx + B sin gx), where A and B are
arbitrary constants.

) . . d?>y  dy
For the differential equation a@ + ba + ¢y = f(x):
: dy , dy

o  First solve a@ + bd—x +cy =0.

The solution, which you obtain, is called the complementary function.

: . dZy  dy

o Then you need to find a solution of the equation a@ i ba + ¢y = f(x).

The solution is called the particular integral.

2

o The general solution of the differential equation a(%)z} 4 bg—z + ¢y = f(x), is

y = complementary function + particular integral.

You can use a given substitution to change the variables and transform a second order
differential equation into one of the above types of equation, which you can then solve.
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